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Abstract

In the last few years meshless methods for numerically solving partial
differential equations came into the focus of interest, especially in the
engineering community. This class of methods was essentially stimulated
by difficulties related to mesh generation. Mesh generation is delicate in
many situations, e.g., when the domain has complicated geometry; when
the mesh changes with time, as in crack propagation, and remeshing is
required at each time step; when a Lagrangian formulation is employed,
especially with non-linear PDE’s. In addition, a need to have flexibility
in the selection of approximating functions (e.g., the flexibility to use
non-polynomial approximating functions), played a significant role in the
development of meshless methods. There are many recent papers, and two
books, on meshless methods; most of them are of engineering character,
without any mathematical analysis.

In this paper we address meshless methods and the closely related
generalized finite element methods for solving linear elliptic equations,
using variational principles. We give a unified mathematical theory with
proofs, briefly address implementational aspects, present illustrative nu-
merical examples, and provide a list of reference to the current literature.

The aim of the paper is to provide a survey of a part of this new field,
with emphasis on mathematics. We present proofs of essential theorems
because we feel these proofs are essential for understanding the mathe-
matical aspects of meshless methods, which has approximation theory as
a major ingredient. As always, any new field is stimulated by and related
to older ideas. This will be visible in our paper.
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1 Introduction

a. A Brief Historical Review of the Numerical Solution of Partial Differential
Equations.

The numerical solution of partial differential equations has been of central
importance for many years. Significant progress has been made in this area,
especially in the last 30 years; this progress is directly related to the develop-
ments in computer technology. Methods such as, for example, the finite Element
Method, are used in all fields of application.



Although significant progress has been made, numerical methods for the
solution of differential equations are still often based on heuristic ideas, and
verified by numerical experiments. Mathematical analysis is often shallow, and
fails to fully address important issues that arise in the application of the methods
to important problems in engineering and science.

There are three classical families of numerical methods for solving PDEs:

1. Finite Difference Methods
2. Finite Volume Methods

3. Finite Element Methods

These three families have two common, basic features:
1. They employ a mesh;
2. They use local approximation by polynomials.

We discuss each of these features in turn.
Mesh generation is often very expensive—especially in human cost. This is
for several reasons for this cost:

- The domain of the underlying problem can have very complex geometry.

- The domain of the problem may change with time, which requires remesh-
ing at each time step, as for example in the problem of crack propagation
or when Lagrangian coordinates are used.

- Adaptive procedures require change of mesh during computation.

Although large progress has been made in the theory and practice of mesh
generation, the construction of the mesh is still a very delicate component of
the numerical solution of differential equations. For this reason there is an
interest in the development of methods that eliminate or reduce the need for a
mesh.

Although polynomials have outstanding approximation properties, there are
situations in which they are not effective. We mention problems whose solutions
are not smooth in the sense that they may not have several bounded derivatives.
For such problems, there are sometimes other approximating functions, which we
will refer to as special, that are effective. The classical methods are not flexible
in this regard: they do not use these special non polynomial approximating
functions. There is thus an interest in developing and analyzing methods that
can flexibly use these special approximation functions.

This created the need to develop methods that address both of these issues—
the elimination, completely or partially, of the need for mesh; and the effective
use of special (non polynomial) special approximating functions. The inspiration
for such methods came mainly from two sources.

The first of these sources is the class of classical particle methods that arise
in physical simulation in connection with the Boltzmann Equation or with fluid



dynamics. Particle methods attempt to describe the motion of the atoms or
their averages (or their density) in Lagrangian Coordinates (see [39], [40], [65],
[66], [68], [69], for example).

The other source is the idea of interpolation in the context of the general
Variational Methods (of Galerkin type). With these methods one has a finite
dimensional space, the trial space, the method selects an approximation from
this space, and, under certain general conditions, it is known that the error in the
approximation is no larger than a constant times the error in best approximation
by functions in the trial space. Thus the quality of the method is determined
by the approximation property of the trial space. It is thus natural to try to
find a trial space that has good approximation properties. This property relates
directly to interpolation by the approximating functions. For functions in one
dimension this was a classical issue in numerical analysis, and starting around
1950 was studied in higher dimension and for an arbitrary distribution of points.
It was recognized that the construction of trial spaces could be based on the
idea of interpolation.

b. Meshless Methods.

Let us now make the discussion of Variational Methods more precise. We
consider an elliptic PDE, which has the variational or weak form,

we Hy: B(u,v) = F(v), for all v € Hy, (L.1)

where Hy, Hy are two Hilbert spaces, B(u,v) is a bounded bilinear form on
H, x Hy, and F(v) is a continuous linear functional on Hs. Under certain
general condition (the inf-sup or BB condition; see [5],[11]), the solution w is
characterized by (1.1). We are interested in approximating u. Toward that
end, we assume we have two finite dimensional space My C Hy, My C H, that
satisfy the discrete inf-sup condition (see [11]). The approximate solution wupy,
is characterized by

unm, € Mu; B(upy, ,v) = F(v), for all v e Ms. (1.2)

As a consequence of the fact that M; and M satisfy the discrete inf-sup con-
dition, we know that the approximation wuys, is quasi-optimal, i.e.,

= wan [l < € i lu =, (1.3)

We note that there are delicate problems related to the discrete inf-sup
condition when the spaces M; and M, are different; as, e.g., in the case of
mixed methods. In [3] different spaces are used (without mathematical analysis
of the discrete inf-sup condition).

We thus see that the quality of the approximation, i.e., the error |[u—unz, || 7,
is mainly determined by the approximation property of the trial space M, i.e.,
by

Ey= inf Jlu=>x]m-



It is thus natural to select the trial space M; so that F; is small. To do this
effectively one should use whatever information is available on the solution wu.
Note that with a general variational method, as we have formulated it, there is
no mention of a mesh. Of course, one may use a mesh to construct a good trial
space; that, in fact, is exactly what is done with a usual finite element method.
For example, the trial space is the space of piecewise linear functions over a
mesh.

Meshless Methods, however, either avoid the use of a mesh, or use a mesh
only minimally, for example, only for the numerical integration. The Petrov-
Galerkin method given by (1.2) is a meshless method if the construction of M;
and M5 either does not require a mesh or requires a mesh only minimally. Thus,
in designing Meshless Methods within the framework of variational methods, we
have two general goals:

1. The construction of trial spaces M; that effectively approximate the so-
lution, and the construction of test spaces My ensuring inf-sup (stability)
condition.

If the solution has special features, e.g., if it is not smooth, we should
have the flexibility to use special approximating functions.

2. The minimizing of the need for a mesh.

In meshless methods, there is sometime a mesh in the background,
used for numerical integration, but one may not need a mesh gener-
ator.

We note that there are meshless methods that are not of the type given by (1.2),
e.g., methods based on collocation, but the construction of approximating space
follows the guidelines of the construction of M; as mentioned before.

The approximating (trial) spaces, M7, can be the spans of specific approxi-
mating functions (shape functions), with either global or local supports. Polyno-
mials and radial functions are examples of approximating functions with global
supports. See [63] for a discussion of the use of polynomials and [27], [74] for a
discussion of the use of radial functions. Another type of approximating func-
tions is related to interpolation and data fitting procedures. For a survey of
various approaches we refer to [3], [31], [37], [38], [41], [53], [54], [61], and [77].
Typical finite element approximating functions and spline functions have local
supports. In [16] shape functions that are effective for the approximation of
solutions of elliptic equations with rough coefficient were identified and ana-
lyzed; the idea in [16] was extended and developed in [18]. The approximating
functions used in [16] and [17] can be characterized as solutions of particular
homogeneous differential equations. In one dimension, L-splines — a general-
ization of splines, satisfy a differential equation and are used as approximating
functions ; see, e.g. [87]. Principles for the selection of shape function were
addresses in [12].



We note that in the engineering literature many names are used for methods
that differ only in the construction of shape functions, or in their implemen-
tation; see, e.g., [30] and others ([84]). For a survey of results on Meshless
Methods we refer to [15], [22], [34], [42], [56], [57], and [76].

One of the major problems of meshless methods is the imposition of bound-
ary conditions, especially the Dirichlet boundary conditions. It is well known
that if the underlying problem is a Dirichlet BVP, the essential boundary con-
dition is addressed with a method such as the penalty method or the method of
Lagrange multipliers. On the other hand, the boundary condition of a Neumann
Problem is natural and doesn’t need to be explicitly imposed in the variational
formulation. In both the situations, a simple uniform mesh on a rectangle con-
taining the domain can be used; the mesh need not conform to the boundary
and a mesh generator is not needed. These ideas are classical and have been
extensively analyzed (for example, see [11]). These ideas of imposing boundary
conditions can be used in the context of meshless methods and this approach
was also mentioned in [56]. The boundary of the domain does come into play
in the construction of the stiffness matrix, but a mesh generator is not needed.
This approach was generalized and used together with the ideas in [16], [17],
and [83] in solving problems with very complex geometries; see, e.g., [82].

We mention finally a meshless method—The Generalized Finite Element
Method (GFEM)—that attempts to simultaneously achieve the two goals of
variationally formulated meshless methods. With this method one begins with
a Partition of Unity. Construction of a partition of unity is a relatively simple
task. It can be done by various means. One is to use a simple mesh, for example,
a uniform mesh, and use the associated hat functions as the partition of unity.
We could also use ideas from various interpolation procedures, e.g. the Shepard
Method. It is essential that the construction can, but is not required to, utilize
the geometry of the domain. The partition of unity on the domain is obtained
by restriction. The partition of unity functions typically have compact supports
with small diameters.

Then we multiply the partition of unity functions by functions that are
defined separately and independently on the supports of the partition functions.
In this way we create shape functions that belong to H'(f2), and can be used in
the variational method. We thereby obtain a large flexibility in the construction
of shape functions, and the associated trial spaces. This flexibility can be used to
construct approximations that utilize the available information, the character of
a singularity, or a boundary layer, e.g., on the approximated function (solution).
Hence the method achieves the goals mentioned above.

We do face three serious difficulties in the implementation of the GFEM.
First there is the problem of numerical integrations when the areas over which
we integrate are not simple triangles, simplicies, etc., as with the usual FEM. We
note, however, that the process is completely parallelizable. A second difficulty
is the treatment of essential boundary conditions. The third issue concerns
the system of linear equations. It may be singular, and thus certain classical
methods, such as multigrid, may not be applicable. These difficulties can be,
and have been, overcome in some implementations, so it is clear that the GFEM



shows a definite advantage over the classical FEM in certain situations. We
mention problems with complex geometry, crack propagation, and analysis of
mulit-site local damage.

Of course, any new method should be compared with previously developed
methods, and the class of problems for which the new method is superior should
be identified. Theoretical and practical experience (see [15], [56], [83]) is pro-
gressing in this direction. Meshless Methods in various forms, e.g., within the
framework of collocation or variational methods, are now the subject of many
papers and (engineering) books, which mainly focus on practical aspects without
serious theoretical analysis.

This paper focuses on ideas and theoretical results. Some are adjustments
of old ideas and results. Some results are based on papers that are submitted
or in the final stage of preparation. Although we focus on the theory, we have
attempted to address theoretical issues that illuminate practical issues. We will
show that the results presented here are natural generalizations of the classical
FEM, which is a special case of some of the methods presented here. This paper
addresses only problems related to linear PDEs.

Various relevant and typical references are provided. The reference list is not
comprehensive, although, together with the citations in the references provide,
in our opinion, a very reasonable description of the current state of the art for
meshless methods.

c. The Scope of this Paper.

The short Section 2 defines the model problem, a linear elliptic boundary
value problem. Section 3.1 presents approximation results when the particles
are uniformly distributed. The presented results were obtained using the Fourier
Transform. Section 3.2 presents an alternate proof of the approximation results
that can be generalized to the case of non-uniformly distributed particles. Sec-
tion 3.3 discusses approximation for arbitrarily distributed particles. Section
4 discusses the construction of shape functions, and presents some results on
interpolation and on the asymptotic form of the error. Section 5 addresses the
question of superconvergence. Section 6 discusses the Generalized Finite Ele-
ment Method. Section 7 discusses the application of the approximation results
developed in Sections 3, and discusses the treatment of Dirichlet boundary con-
ditions. Section 8 explains some implementational aspects. Section 9 reports
some numerical examples obtained by the GFEM, when the domain is very
complex. Finally, Section 10 presents additional results and challenges.

2 The Model Problem

For concreteness and simplicity we will address the weak solution of the model
problem

—Au+u= f(z), on QC R" (2.1)
and 9
a—z =0 on 09 (2.2)



or

u =0 on 01, (2.3)

where f € Lyo(Q) is given. We will assume that € is a Lipschitz domain; addi-
tional assumptions on 92 will given as needed.
The weak solution ug € H(2) (H}(Q), respectively) satisfies

B(ug,v) = F(v), for all v € H(Q) (v € H (), respectively), (2.4)

where
B(u,v) = /(Vu - Vo 4+ uwv) dr and F(v) = / fode. (2.5)
Q Q

The energy norm of ug is defined by

1/2

[uoll 2 = B(uo,uo)™'= = [[uoll a1 (a)- (2.6)

We will write H instead of H!(Q) or HJ () if no misunderstanding can occur.
Let S C H be a finite dimensional subspace, called the approximation space.
Then the Galerkin approximation, ug € S, to ug is determined by

B(ug,v) = F(v), for allv € S, (2.7)
where B is either B or a perturbation of B. If B = B, it is immediate that
|uo — usllm1) = ;Ielfs luo — x|l 51 (0)- (2.8)
Hence, the main problem is the approximation of uy by functions in S.

Remark 2.1 The Finite Element Method (FEM) is the Galerkin Method where
S is the span of functions with small supports. For the history of the FEM, see
[9] and the reference therein.

Remark 2.2 The classical Ritz method uses spaces of polynomials on € for
the approximation spaces; see, e.g., [63].

As mentioned above, the Finite Element Method uses basis functions with
small supports, e.g., “hill” functions. The theory of approximation with general
hill functions with translation invariant supports was developed in 1970 in [4]
using the Fourier Transform. The results in [4] were applied to the numercial
solution of PDE in [5]. A very similar theory, also based on the Fourier Trans-
form, was later developed in [80] and [81]; see also [55]. Later, hill functions
were, in another context, called Particle Functions (see [39]). In the 1990s, hill
functions began to be used in the framework of meshless methods. For a broad
survey of meshless methods see [56]. A survey of the approximation properties
of radial hill functions is given in [27].

In this paper we will survey basic meshless approximation results and their
use in the framework of Galerkin Methods.



3 Approximation by Local Functions in R"; the
h-version Analysis

As mentioned in Section 2, we are interested in the approximation of functions
by particle shape functions. We first consider uniformly distributed particles,
and then general—mon-uniformly distributed—particles.

3.1 Uniformly Distributed Particles and Associated Par-
ticle Shape Functions

Let
Z"={j = (j1,---»Jn) : J1,--.,jn integers}
be the integer lattice, and, for j = (j1, -+ ,jn) € Z" and 0 < h < 1, let

o = (jrh, ..., juh) = hj.

The points J:;L are called uniformly distributed particles. When considering such
families of particles, we often construct associated shape functions as follows.
Let ¢ € HY(R™), for some 0 < ¢, be a function with compact support; let
17 = supp ¢, and suppose

nCB,={xeR": |z =2+ +22 < p}
We assume that 0 € 7} (1 is the interior of n). Then define
x — jh r1 — j1h Ty — Jnh
¢§<x>:¢2(x1,---,xn>=¢< - >=¢>( L ) (3.1)

for j € Z™ and 0 < h < 1. Clearly,

x —jh ;
= supp¢?:{x: o Gn}CBZh={x:||x—x?|<ph},

and :17;1 € 17? Particle and particle shape functions defined in this way are

translation invariant in the sense that
h h h h h h
vy =)+ and ¢, (v) = ¢ (z — 2)'),

and will sometimes be referred to as translation invariant. They are a special
case of general (non-uniformly distributed) particles, which will be addressed
in Section 3.3. We refer to h as the size of the particle and the function ¢
is called the basic shape function. In this section we will be interested in the
approximation properties of

th’q =qv=0v(z) = Z wjhgb?(x) : wgb eR», (3.2)
Jjezr



which is the linear span of the associated shape functions, as h — 0. The
parameter k in th’q is related to a property of ¢;l (x)’s, which will be discussed

later. We will refer to V}f 1 as the particle space in R™®. The wf’s are called
weights. Specifically, given u € H**1(R"), we are interested in estimating
inf flu— Xl e, (3.3)
xev, ¢
for 0 < s <min{q, k + 1}. We are especially interested in the maximum g such
that
inf lu — Xl sy < C (K, @)R*[Jul| g1 (mn), (3.4)
xev, 1

for 0 < s < min{q, k + 1}, where the constant C' = C(k, q) depends on k, ¢, but
is independent of h (C also depends on ¢).

Because we are assuming the particles are uniformly distributed, and hence
the particles and shape functions are translation invariant, estimates of the form
(3.4) can be obtained via the Fourier Transform. This was done in [4] and [80],
[81]. We will cite one of the results in [81].

Let

Qg(&) = (b(gla o 7§n) = o (ﬁ(x)e_w:& dx

denote the Fourier Transform of ¢(z). We note that ¢(¢) € C>(R™) since ¢(z)

has compact support. We use the usual multi-index notation: o = (aq, ..., ay),
with o; > 0; || = a1 + -+ + oy % = 27" -+ - 227; and
R olald

Theorem 3.1 [81] Suppose ¢ € HI(R™) has compact support, where the smooth-
ness indexr q > 0 is an integer. Then the following three conditions are are
equivalent:

1.
¢(0) #0 (3.5)
and R
D%¢(2mj) =0, for0#j € Z" and |a] <k, (3.6)
where k is a non-negative integer.
2. For |a| <k,
Z J%(x — j) = dz® + q¢*(x), for allx € R, (3.7
jezr

where d # 0 and ¢*(x) is a polynomial with degree < |a|.

The equality in (3.7) is equality in Lo(R™), i.e., equality for almost all x €
R™. The function of the right-hand side of (3.7) is, of course, continuous.
If the function on the left-hand side is continuous, which will be the case
if ¢ >mn/2, then (3.7) will hold for all x € R™.

10



3. For each uw € H*TY(R™) there are weights w]h eR, forjeZ™ and 0 < h,

such that
lu = > whelme@n
Jjezr
< Chk"’l_s||u||ﬁnc+1(Rn)7 for 0 <s <min{q,k+ 1}, (3.8)
and
WY (W) < K3l Froggny- (3.9)
jezr

Here C' and K may depend on q, k, and s, but are independent of w and h. The
exponent k + 1 — s is the best possible if k is the largest integer for which (3.7)
holds.

If (3.7) holds, the basic shape function ¢ is called Quasi-Reproducing of
Order k. If (3.7) holds with d = 1 and ¢*(z) = 0, ¢ is called Reproducing of
Order k. If ¢ is quasi-reproducing of order k (respectively, reproducing of order
k), then the corresponding particle shape functions ¢? are also called quasi-
reproducing of order k (respectively, reproducing of order k). The parameter
k in V,f 1 defined in (3.2), is the quasi-reproducing order of the basic shape
function ¢.

Remark 3.1 If one were to define the notion of quasi-reproducing basic shape
function ¢ of order k with the formula

Z J%(x — j) = doz® + ¢%(x), for all z € R", for |o| <k, (3.10)

Jjezr

where d,, # 0, it might appear that this would lead to a larger class of ¢’s. This,
however, is not the case; it is easily shown that if ¢ satisfies (3.10), then d,, = d,
for |a| < k.

In one dimension we can prove more.

Theorem 3.2 [81] Suppose ¢ € HL(R) has compact support and satisfies Con-
dition 1 in Theorem 3.1, i.e., satisfies (3.5) and (3.6). Then

sin(¢/2) ) o

0 = 2(6) (L] (3.11)

where Z (&) is an entire function.

Proof.  Because ¢ has compact support, ¢3(§) is an entire function, and
because of (3.5) and (3.6), ¢(0) # 0 and ¢(&) has zeros of at least order k at

97, 04 j € Z. Let "
o) = (T2 (3.12)

11



The function 6 () is entire with only zeros of order k+1 at 27j, for 0 £ j € Z.
Hence

is entire, and

. k+1
56 = 2(6) (sm“/ 2)) , (3.13)

as desired. [

Theorem 3.3 [}/ Suppose ¢ € H1(R) has compact support and satisfies Con-
dition 1 in Theorem 3.1, i.e., satisfies (3.5) and (3.6). Then, for any e > 0,

supp ¢ ¢ {_(k—;l) + e, (k—;—l) —e} . (3.14)
Proof. Suppose, on the contrary, that
supp ¢ C [—(k+1)/2+¢€,(k+1)/2 — €], for some € > 0. (3.15)
We will show that this assumption leads to a contradiction.
The function ¢(§) is entire and, with £ = & + €2, (3.15) implies
16(9)] < cetF9le, (3.16)

This estimate follows directly from the definition of the Fourier Transform and
assumption (3.15). Using elementary properties of the sine function, we find

that i1 .
sin(§/2 Pl
‘( §(/52/ )) >C e for |&;] large. (3.17)
Using (3.5), (3.6), (3.16), and (3.17), we have
NG .
|Z(&)| = ( . (E/g)kJrl < Cop+ Cr1)&]", forall € €C, (3.18)
£/2

where Z(§) is as in (3.11). Since Z(&) is entire, estimate (3.18) implies (via a
generalization of Liouville’s Theorem for entire functions) that Z(£) is a poly-
nomial of degree < k + 1. Next, we use (3.11) and (3.16) to get

sin<5/2>)’““
£/2

= |$(¢)| < CeF el (3.19)

2(6)

Combining this estimate with the lower bound in (3.17) we have

|Z(&)| < C’|§|k"’16_6|52‘7 for |&;] large. (3.20)

12



This implies Z(€) = 0. Thus, (3.11) implies (&) = 0, which contradicts (3.5).
Thus (3.15) is false, which proves (3.14). O

The case of uniformly distribute particles is very special, but we have consid-
ered it, and cited Theorem 3.1 from [81] because the result provides necessary
and sufficient conditions on the basic shape function ¢ for the validity of the
approximability result (3.8) and (3.9), leading to the optimal value for p in

(3.4).

Comments on Theorems 3.1-3.3

1.

2.

(;AS(O) # 0 means that fRn é(x) dx # 0.

For the validity of (3.8) and (3.9) we need a polynomial reproducing prop-
erty, namely that given in Condition 2. Note that this conditions differs
from the usual polynomial reproducing property, which reads

> (@ — j) = a®, forall |a] < p,
JEZN
or, equivalently,

Z p(j)é(x — j) = p(x), for all polynomials p(x) of degree < k.
JEL™

Condition 2 implies that
> gla—j)=d. (3.21)
JEL™

Hence the functions @, J € Z™, are a partition of unity. The sets n;L

are an open cover of R™.

Taking ¢ = k + 1 allows application of Theorem 3.1 for all s < k + 1.
Taking ¢ > k + 1, i.e., assuming extra smoothness on the particle shape
functions does not change the estimate.

Condition (3.9) is a stability condition.

The simplest basic shape function ¢(z) corresponds to

n . ) k+1
$(€) = 11 <Slzf/2/2> . (3.22)

Thus they (the ¢’s) are spline functions over a rectangular mesh, which are
convolutions of the characteristic function of the set Q) = (—1/2,1/2)".
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7.

10.

11.

3.2

In one dimension (n = 1) the simplest basic shape function corresponds

to
. k+1
ou(€) = (Slg‘f; 2) 7 (3.23)

and they are B-splines. Furthermore, as shown in Theorem 3.2, if ¢(z)
satisfies (3.5) and (3.6), then ¢(¢) is the product of 64(£) and a suitable
entire function Z(§). Taking account of the growth of Z(&), we see that
it is the Fourier transform of a function with compact support. Writing

Z(&) = (&), we can express (3.11) as

¢(§) = ¥(&)ar(§)-

Thus any ¢(x) that satisfies (3.5) and (3.6), which may or may not be
piecewise polynomial, can be constructed via convolution of B-splines with
functions of compact support. If n > 1, no such divisor q@/&k exits in
general.

Theorem 3.3 has as especially simple interpretation for ¢’s that satisfies
(3.5) and (3.6), and whose support is an interval. Namely, supp ¢ D

[— %, %}, and hence grows with k. As is well known, the support
of the B-spline of order k is [ — %, %}, and hence it has a minimal
support.

The space th’q is a SY*" —regular system (this notion will be introduced
in Section 3.2), with k* = g and t = k + 1. Stk _regular systems are
analyzed in [11]. They have many important properties, some of which
will be used in the following sections.

The approximability of the classical finite element shape functions (the
hat functions) can be analyzed with Theorem 3.1 with ¢ = k = 1.

The weights in (3.8) depend on u, but they are not unique. We note that
the functions (;5;‘ may be linearly dependent.

Alternate Proof for Uniformly Distributed Particles
and Particle Shape Functions

In this section we first give an alternative proof that Condition 2 in Theorem 3.1
implies estimate (3.8), again for uniformly distributed particles and associated
shape functions. This alternative proof does not use the Fourier Transform,
and it can be naturally generalized to the non-uniformly distributed particles
situation.

We review our notation before stating the theorem. Recall that

I;»L:jh, for j € Z™ and 0 < h,

14



are the particles, and ¢ € H4(R™), with ¢ > 0, is the basic shape function. Also
n = supp ¢ C B,, and 0 € 7. Then the particle shape functions, qb?(m), are

defined by
_ ik
o} () :<z>(”” - );

nj = supp ¢} C B2,

it is immediate that

h = 2h
and z; € 7).

Theorem 3.4 Suppose ¢ € HI(R™), with smoothness index g > 0, has compact
support 1 C B, and suppose the qS?(ac) are defined in (3.1). Suppose k =
0,1,2,--- and suppose, for |a| < k,

3 b — j) = de® + ¢%(2); (3.24)
Je
here d # 0 and q*(x) is a polynomial of degree < |a|, i.e., suppose ¢ is quasi-
reproducing of order k. Suppose u satisfies
Z ||u||§{rj+1(B%h) < oo, where 0 <r; <k, (3.25)
JEL™

where p > 1 is sufficiently large and independent of h. Then there exist weights
wlh such that

=3 Wl ey < € 3 Rl Jor 0 s < minfar 1,
l€Z7L ]GZ"'L P n
(3.26)
where C is independent of u and h. If u € H¥ *1(R™), where 0 < k' < k, then

=" wl ) e ey < CH¥ 7% lul| g1 gy, for 0 < s < min{q, k' +1}.
lezn
(3.27)

Proof. The proof is in several steps.
1. Suppose ¢ satisfies (3.24), and write ¢*(z) = Zlvlﬁ\alfl dyax?. Then

S o@heel@) = > (jh) ) ()
JEL™ JEL™
= w3 o (5 )
JEZL™
= i) e ()
= da® 4 Y dw(%)7
[v|<]a] =1

= da*+ > WMld a7 for jaf < k. (3.28)

[vI<lal -1
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Equations (3.24) and (3.28) are, in fact, equivalent; (3.28) could be viewed as
a scaled version of (3.24). For any p € P*, there is a uniquely determined
w = wy, € P* satisfying

p(z) = Z wp7h(x?)¢?(x), for all z € R™. (3.29)
jezn

We first prove the existence of w, p, and begin by considering the monic poly-
nomials: p, = x®. Suppose || = 0. Then from (3.28) we have

1
1= Z g¢?(l‘) = Z wry (@) @) (2),
jezn jezn
where wgy} p(2) = 1/d. Next suppose |a| = 1. Using (3.28) again we have
o 1 hya h d()a _ h\ Lh
T = Z g(%‘) ¢j (z) - a Z w{xa},h(xj)¢j (z)
jen jezn

where

% hdoa
w{xa},h(l’) = P

Proceeding in this way, by induction, we get w{m(x}’h(l‘) for |a| < k, where
Wzt p(x) is of the form

Wigay,p(T) = €aar™ + Z eaph!®I =118 (3.30)
18I<]e -1
where e, = d~! and e,g are expressions in d,a, |y| < |a|. For p(z) =

2 lal<k Ca®, We let wy () = 32|, <) CaWize},n(@). It is immediate that
Ry 4h
p(z) = Z wp,h(le)(?j (),
Jez
which establishes the existence of w, , (). One can show that

wpp(x) = Z | Z cadaghla‘7|’8qxﬁ. (3.31)

1BI<k  |Bl+1<]a|<k, a=p

To prove the uniqueness, suppose wp p(z) = 0. We will show that p(z) =
2 la|<k Ca® = 0. Since wy,p () = 0, it is clear from (3.31) that the coefficient of

x# is zero for |B| < k, from which we can deduce that ¢, = 0, |a| < k, and thus
p(z) = 0. Tt will be convenient to write wy, ,(z) = A"p. Then A" : P¥ — PF is
a 1-1, onto mapping satisfying

p(z) = Z (.Ahp)(x;-’)gb?(x), for all z € R”, for any p € PF. (3.32)

Jezr
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We define A = A" when h = 1. We note that A satisfies (3.32) with h = 1. We
also have

(A"~ tw](z) = Z w(m?) ", forallz € R", for any w € P (3.33)
JEL™
It is also clear from the construction of that A" : P* — Pt for i < k.

2. Define the cells w; and w?:

vey

and
w;»l ={z: ||z - x;‘HOO = max |z; — x?b| < ph}.

The families {w;}jezn and {w!};ezn are open covers of R™ provided p > 1/2.
Let
Al ={leZ" :nP nw! # 0},
and define
Q? = UleA;?Wlh-
It is immediate that one can select M and p such that
card A;-L <M (3.34)
and
N .
Qf C B/jjh. (3.35)
The constants M and p are independent of j and h, but do depend on ¢;
specifically on p.
For any | € Z", since u € H”"‘l(Béh)7 it is well known ([25],[26],[29]) that

there is a polynomial p" = p-" of degree < k such that
[ 7pl,h||HS(th) < Ch”JrliSHUHH”“(B%h)’ for0<s<mr+1<k+1, (3.36)

where C' is independent of u, h, and I, but does depend on k (p"" can, in fact,
be chosen such that its degree < r;). Define the weights

wi = (A"p"") (). (3.37)

Let j be fixed. We will work with the polynomial p?", which satisfies (3.36)
with [ = j, as well as the polynomial p'"". Using (3.37), we find

lu =~ wl' 6] gz oty

lezn

<lu— 3 wfdl e

h
leA]

<lu-> (A"P"") (@) N o o)

h
leA”

+ 0 A @) = (A" @7 ey (3:38)

h
1A
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We now estimate the two terms on the right side of (3.38).
3. From (3.32) and the definition of A?, we have

pa) =Y (A"p)()of () = Y (A"p)(a)ef (2), for o € wj,

lezn leAl

for any p € P¥. Using this formula and (3.36) with [ = j, we obtain the estimate

he— S AP ey = o= e
leAr
< Chrj+1_s||uHHTf+l(B;h)’ (3.39)
for the first term of (3.38).
A scaling argument shows that
||¢’f||Hs(w;z) < B2 | e ey
Thus
Do LA (] = A ) 6] | e o)
leAh
< Ch 2 ST A ) — At (340)

leAh
It remains to estimate the right side of this inequality. _
For | € A;’, wh c Q?, and hence, using (3.35), wl' C B,th' Also wl' C ijh.
Thus, using (3.36) with s = 0, we have

17" ="M gopy < 07" = ullgoopy + llw = 2" [l oy

IN

" = U||H0(pr;h) + [lu - pl’hHHO(th)

IN

Ch?”j-‘rl”u”Hrj-;-l(th)
+Ch”+1||UHH”+1(B;Z;;L)' (341)
It is easily shown that there is a constant C such that
||'LUHLoo(wlh) < C’ff"/gHw||HO(Wlh)7 for any w € P*; (3.42)

C is independent of w, h, and I. Applying (3.42) to w = A"p?h — Abphl | we
have
|(APp? ) () = (ApH) ()]
< At — AP e
< Ch™ 2 AP — AP o (343
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For any p € P*, we write p(z) = p (x;f?) where p € P*. Using (3.32) with

h =1 (recall that A = A" for h = 1), we see that

pla) =D (Ap)(i)o(x — i),

i€L"

o) = ()

= Y (AD)9 (‘Z*)

€L

= > (AP)()el(x)
TEL™

= ) (Ap)(i — D)o} (x)

VAl

- T (E) s

i€

and therefore

Comparing the above expression with (3.32) and using the uniqueness of the
representation (3.29), we obtain

€T —'xh
o) = () (25, (3.44)

We further note that || Ap|| go(.,) is a norm on p, and since all norms are equiv-
alent on a finite dimensional space, we have

APl 20 (o) < ClIBI 0 (wo) - (3.45)

Therefore from (3.44) and (3.45), and using the transformation y = (z —z") /h,
we have

1Ay = [ @ Pde = [ (4P dy

< C | Ipydy

wo

= C [ 1@ —a)/h)[ da

Wi

= C |p(x)\2dx

h
Wi

= ClplFoep) forpe P, (3.46)
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with C' independent of p, I, and h. Combining (3.43), (3.46) with pt" — pih,
and (3.41) yields

(A" ") () = (A"p") (7))
< Ch_n/Z(herrl||uHH7‘j+l(th) + h”+1||u||Hrl+l(Bf5h))’
and hence, using (3.34), we have the estimate
DA (@) — (Aphh) ()]
leAl
< Ch_n/2{Mth+1 ||u||HTJ‘+1(B};h)
+ Z h”+1||u”H”+1(B,l;h)} (347)
leAl

for the right side of (3.38). Now we combine (3.38), (3.39), (3.40), and (3.47)
to obtain

||u _ Z wlth{L”Hs(th) <C Z h”+1*s||u||H"z+1(Béh)' (348)
lezn leAn

4. Finally, we estimate |lu — >, sn wlh¢;l||Hs(]Rn). Using (3.48), which is
valid for all j € Z", and (3.34) we obtain

Ju— Z Wi e ny < Z Ju— Z wlhéi’llis(w;)
lezn jezn 1ezn
< oM Z Z hz(”“’s)||U||?LI”“(B}3;L)
JET 1 AT
< C Z h2(rj+1*8)||u‘|iﬂj+1(32h), (3.49)

JEL™
where C' is independent of v and h. This proves (3.26).
Suppose u € H¥ *1(R"), where 0 < k" < k. Then taking r; = k' in (3.49),
and using the fact that the overlap in {B%h}jezn is bounded independently of
h, we get

1/2
||u - Z wlhqs;l”Hs(]Rn) Chk Fl=s Z Hu||?{k'+1(3{}) (350)
AL JELN o

/ —_—a
CRY 17 [l s ey

IA

IN

where C' is independent of v and h, which is (3.27). O

Remark 3.2 Estimates (3.26) and (3.27) have been established provided p is
sufficiently large; specifically, provided (3.34) holds. As pointed out in connec-
tion with (3.35), p depends on p. Note that the constants C' in (3.26) and (3.27)
depend on p.
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So far in this section, we have considered functions u defined on R™, and have
presented a result on the approximation of u by particle shape functions. We
now consider functions u defined on a bounded domain €2 in R™ with Lipschitz
continuous boundary. We will show that V,f 1 defined in (3.2), when restricted
to €2, provides accurate approximation to u.

We first recall the well known extension result ([78]), that there is a bounded
extension operator E : Ly(2) — Lo(R™), i.e., an operator F satisfying Eu|q = u
for all u € L2(Q), such that if u € H™ (), then Fu € H™(R™) and

| Bullgm@ny < Cwllullgmqy, forallue H™(Q), m=0,1, .... (3.51)

Here C,, is independent of v but depends on m.
We define a subset of Z¢ of Z", which will be used in the next result, by

a={je€z" : il nQ#0}, (3.52)
where 77;? = supp QS;?.

Theorem 3.5 Suppose ¢ € HI(R™), with smoothness index ¢ > 0, has compact
support n C B, and is quasi-reproducing of order k. Suppose u € HFHL(Q),
where 0 < k' < k. Then there are weights w;l such that

lu=">" we e < CR =% |ul| yrsr (), 0 < s < min(q, k' +1), (3.53)
lezy
where C' is independent of u and h.

Proof. Suppose u € Hle(Q), and let « = Eu, where E is the extension
operator mentioned above. Applying (3.27) of Theorem 3.4 to @, there are
weights wlh such that

’ _ _
= 3 wf ol iy < CRF ] s -
lezn

Therefore, from (3.51) with m =k’ 4+ 1, we have

lu =" wiell| o) 15— wie e

lezn lezr
< a=D 0 wie e
lezn
< Chk/+1_s“a||Hk’+1(R")
< Chk,HisH“”H’c’H(Q)- (3.54)

From the definition of Z& in (3.52), it is clear that

=" wi et =) = lu— "> wie) |l (o,

lezn lezy,
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and therefore from (3.54), we get the desired result. O
By examining the approximation of u, obtained in Theorem 3.5, namely

> wpier

lezy,

Q7

we see that the sum involves only those I’s for which

supp ¢ N Q # 0,

i.e., only those particles mf such that dist(:vf7 Q) < ph. So the approximation
involves particle shape functions corresponding to the particles inside 2, as
well as some particles lying outside 2. We will denote the span of these shape
functions by

Vit = span{g}|, :supp ¢ NQ # 0}. (3.55)

Thus the functions in V;{’h are the functions in V}f 4 restricted to .

(t,k*)-regular systems:

We now introduce the notion of a (¢, k*)-regular system of functions (cf.
[11]). Let © C R™, and suppose S,(€2), 0 < h <1, is a one-parameter family
of linear spaces of functions on Q. For 0 < k* < t, Sp(€Q2) will be called a
(t, k*)—regular system and will be denoted by S;L’k* (Q) if

1. S Q) c H (Q), for0<h<1. (3.56)
2. For every u € H'(), with 0 < I, there is a function g, € SZ’k* such that
lu = gnllzs (@) < Ch*[Jullgi(qy, for 0 < s < min{l, k*}, (3.57)

where g = min{¢ — s,! — s}. The constant C is independent of u and h.
We now introduce two additional notions.

(LA) A (t, k*)-—regular system S,tl’k*(ﬂ) is said to satisfy a local assumption if
for u € H'(Q), with support S, the function g; € S,tl’k (Q) in (3.57) can
be chosen so that the support S} of g, has the property that

S, c 8 ={reQ:dx,S) < \h},
where d(z, S) is the distance from = to S, and A is independent of h.

(TA) We say that Ska(Q) satisfies an inverse assumption (cf. [11]) if there is
an 0 < e < k* such that

91l zrw= (@) < Chf(k**T)HgHHT(Q), forall k*—e<r <k*andall g € SZ’k*(Q),

where C' is independent of h and ¢ (it may depend on k* and ).
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A (¢, k*)-regular system is known as (t, k)-regular system in classical literature
([11]). We have decided to use k* instead of k in this paper for notational clarity.

The approximation space Vg:g, defined in (3.55), is a (¢, k*)-regular system;
more precisely we have,

Theorem 3.6 Suppose 0 < q¢ < k + 1, and suppose ¢ € HZ(R™) has compact
support and is quasi-reproducing of order k. Then VSI;”Z is a (k4 1, q)-regular
system.

Proof. We show that th’q is a (t, k*)-regular system with ¢ = k + 1 and
k* = q. Since ¢ € HI(R™), it is clear that VJZ’Z C H9(Q) and thus (3.56)
is immediate with &* = ¢. Next we show that (3.57) is satisfied. Suppose
u € HY(R™) with [ > 0. If [ = 0, (3.57) is trivial. So, suppose 1 < [. Applying
Theorem 3.5, specifically (3.53) with &’ = min(k + 1,1) — 1, we get

l[u— Z Wik | () < CR™ R0 | rningiin () < CBF [l gy,
JELY
for 0 < s < min{g, min{l,k + 1}} = min{l, ¢} (since ¢ < k + 1), where p =
min{k + 1 — 5,1 — s}. This is (3.57), with gn = >yepn w'0]' |, t = k + 1, and
k*=¢q. O

We now show that V; ! satisfies the local assumption (LA).

Theorem 3.7 Suppose ¢ € H1(R™), where 0 < q < k+ 1, has compact support
and is quasi-reproducing of order k. Then V;{’g satisfies the local assumption

(LA).

Proof. Suppose u € H'(Q) such that suppu = S C €. Consider the
approximation of u, obtained in Theorem 3.5, namely

gn=Y_ wi¢h. (3.58)
jezn
A careful study of the proofs of Theorems 3.5 and 3.4, and considering the zero

extension of v outside (2, reveals that for j € Zg,

w? =0, if and only if th NS =40.
Now for j € Z¢ such that wjh # 0, we know that njh = supp (b? C Bih.
Therefore, S, = supp g, = {x € R" : d(z,5) < (p+ p)h}, and so we can take
A = (5 + p) in the definition of LA. For small h, we have Sj, C Q. Hence V5
satisfies the local assumption LA. O

Remark 3.3 The particle space V,f %is (k+1, q)-regular and satisfies the local
assumption, LA, for 2 = R".
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We note that the particle spaces Vg ' and V}f 7 will also satisfy the inverse as-

sumption IA, if additional conditions are imposed on the shape functions {(;5?}
We will formulate these conditions in Section 3.3 in the context of non-uniformly
distributed particles; the corresponding conditions on the shape functions as-
sociated with uniformly distributed particles can then be obtained as a special
case.

3.3 Approximation by Particle Shape Functions Associ-
ated with Arbitrary (Non-Uniformly Distributed) Par-
ticles in R". The h-version

In this section we will generalize the major part of Theorem 3.4.

Suppose {X"},ecn is a family of countable subsets of R™; the family is in-
dexed by the parameter v, which varies over the index set N. The points in X”
are called particles, and will be denoted by z, to distinguish them from general
points in R™. If it is necessary to underline that z € X", we will write z = z".
To each z¥ € X" we associate

e hy. = hy, a positive number;
o w’, =wY, a bounded domain in R™;

e ¢, = ¢y, afunction in H9(R"), with ¢ > 0 and with 7y, = ny = supp ¢},

assumed compact.

The numbers hy, = hy will be referred to as the sizes of the particles z, and
the functions ¢7. are called the particle shape functions. For a given v € N, let

M= (X B e}

MY will be referred to as particle-shape function system — and {M"}, cn as a
family of particle-shape function systems. This nomenclature is similar to that
used in FEM when we speak of a triangulation and a family of triangulation.

Regarding the particle-shape function system, we make several assumptions:

Al. For each v,

U w, =R",

TEXV

i.e., for each v, {w!} e xv is an open cover of R™.

A2. For z € XV, let
zz{yeXyzw;ﬂwg#@}.

There is a constant k < oo, which may depend on {M"},cn, but neither
on v, nor on z € X”, such that

card Sy <, for all z € X" and all v € N.
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A3.

A4.

Ab5.

AG6.

AT

For all z € XV, for all v € N, x € 1)y and ), C wy.

For z € XV, let

v __ v
Qg_ U Wy

yeQy

where
=1y € XV gy Nwy # 0}

Thereisa 0 < p < oo, which may depend on {M"}, ¢, but is independent
of x and v, such that

Q C B%hu, for all x € XV, for all v € N,
where B%h; is the ball of radius ph;, centered at z, namely,
Bl = {o €R" o -] < pht).

For each z € X", there is a one-to-one mapping A7 : P* — P* such that

Z (Agp)(y)(bg(m) = p(x), for x € wy, and any p € Pk (3.59)
yeQy B

and

Azl z2wy) < CllpllL2(wy), for all p € Pk, for all y € QY, for all z € X.

For any 0 < s < g,
”(ZSZ”HS(LO;) < C(h;)_s"'”m, for all y € QZ

The constant C' may depend on {M"}, ¢y, but is independent of y, z, and
v.

There is a constant C' such that
Lo gy < Clhy) 2 |lwll 2 o), for any w € P,

where C'is independent of y and v.

Remark 3.4 From the definitions of @} and S}, and assumption A3, it is clear
that Q; C S;. Hence from the assumption A2, it is immediate that

card @} < k. (3.60)

We could, of course, have stated (3.60) as an assumption, but have chosen to
state card Sy < k as an assumption because, generally, S} is easier to work with
than Q7. We also note that assumptions A1-A4 imply that, for any z € R",

card {x € X" :x €ny} <k, forallveN. (3.61)
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Remark 3.5 We note that the left-hand side of (3.59) in A5 is defined for all
r € R™, but the equality holds only for z € w}.

Remark 3.6 Note that assumptions A1-A7 can be thought of as assumptions
on M”, for each v € N; they are assumptions on {M"},cn in that they are
assumptions on M for each v and that the constants in the assumptions do
not depend on v.

Remark 3.7 Assumptions A5 effectively defines the notion of quasi-reproducing
shape functions ¢% of order k. Note that the condition is local: the operator A%
depends on z, the sum is taken only over y € Q%, and the equation holds only
for € w¥. The shape functions ¢% are said to be reproducing of order k if

Z p(y)dy () = p(x), for z € R™, and any p € P
yeXy B

If the shape functions ¢} are reproducing of order k, then it is immediate that
they satisfy A5 with A} equal to the identity mapping for each z.

Remark 3.8 Assumption A5 implies

U 7, = R™  for each v.
zeXV

Remark 3.9 Consider uniformly distributed particles, :E;?, and associated par-
ticle shape functions, (b;?, as defined in Section 3.2. Then with z¥ = m?, hy = h,
¢y = ¢, and wy = W}, as defined in the proof of Theorem 3.4, the asso-
ciated particle shape function system satisfy assumptions A1-A7. Note that
AL = AZ? = A" satisfies A5.

Suppose {M"},cn is a family of particle shape function systems, satisfying
A1-A7. Define

VB4 = span {¢% 1z € X"}, for each v € N. (3.62)

The next theorem gives an approximation error estimate when a function u,
defined on R", is approximated by a function in V59, v € N.

Theorem 3.8 Suppose the family of particle-shape function systems {M"},en
satisfies A1-A7, and hy <1 forx € X¥, v € N. Suppose

2
S Nl

TEXV

< oo, whererl <k, forallz € X", for allv € N,

v
o) “

(3.63)

v, introduced in A5,

where p is introduced in A4. Also, suppose that operators Ay,
satisfy

1AL~ ADpllso(g) < COL pllsocay). for all p € PX, y € QL (3.64)
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forall z € XV, v € N, where C is independent of x and v. Then there are
weights wy € R, fory € XV, for allv € N, such that

lu = Y wydhllue@n

yeX”

v 2(ry+1—s) 2 1/2
< i ) .
< o X my HUHT“VBZ;L;)) : (3.65)

yeX”

for 0 < s <inf{q,ry +1:y € X”,v € N}. The constant C depends on the
constants in Assumptions A1-A7 and on (3.64), but neither on u, nor on v.

Note: If ¢}’s are reproducing of order k, then (3.64) is trivially satisfied (cf.
Remark 3.7). Since in practice, mainly shape functions, that are reproducing of
order k, are used, we have not included (3.64) in the set of basic assumptions
(A1-A7).

Proof . The proof of this result is parallel to the proof of Theorem 3.4.

1. The sets w” play the role of the sets w? in the proof of Theorem 3.4. The
sets QY, €, h,,, and the mapping A} play the roles of the sets Ah Qh B;h,
and the mapping .A;’, respectively, in the proof on Theorem 3.4. Assumptions
A1-AT state the properties of these sets and the mappings we will need in this
proof.

2. For any y € X", since u € H'y +1(B%hy), it is well-known that there is a
y

polynomial p¥" = p,; " of degree < k, such that

y,v \TY+1—s
=5 oo, < COY Sl (3.66)

1 B%hg)’
for 0 < s <7y +1<k+1, where C is independent of u, v and y, but does
depend on k (7pkg’y can, in fact, be selected so that its degree < ry). Define the
weights

= (A" (1), (3.67)
where Ay is the operator introduced in assumption Ab5.

Let € XV be fixed. We will work with the polynomial p2¥, which satisfies
(3.66) with y = x, as well as the polynomial p”. Using (3.67) we find

lu—= D" whdlllme ()

yeX”
< lu— Z wy &yl ms(wy)
yeQy
<lu—= Y (AP () Dl e )
yeQY
+ 3 (AP () — (A p2 ) )| 10) ey (3.68)
yEQL
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We now estimate the two terms on the right-hand side of (3.68).
3. From the assumption A5, we know that

Z (Agp)(g)(iﬁ(x) = p(x), for x € Wy, and any p € Pk,

yeQy

Using this formula and (3.66) with y = z, we obtain the estimate

lu= > (AL )W) Syllmocr)y < llu—p"" ()
yeQy
< C(h;)’";"’l_s||“||HT5“(B§,LV) (3.69)
for the first term.
Using assumption A6, we have
16y 1+ ) < C(hy)~*F"/2, for all y € Q.
Thus
DAL= () — (AL p2) ()| 165 1l )
yeQy
< Y ()T EALE) () - (A et )| (3.70)

yeQ

58S

It remains to estimate the right-hand side of this inequality.
For y € Qf, we have wy € QF, and hence, using the assumption A4, wy y €

T

B_h,,. Also wy € B_h,,. Thus using (3.66) with s = 0, we have

™" = P2 o)

< lp™” = ullowy) + llw = p» "Il mowy)
< v r;-i—l » ., v 7’;-"-1 . ) 71
< () s g + 5 Bl BT
Now, using the assumption A7, we have
(AL P=) () — (A% ) ()|
< [[(AZ = ADP=1(W)| + [[AL (=" = p2)](y)]|
< |I(AZ - g) P | oo (wy) + IIA”( =Y = pP) Loy
< C(h‘z)_n/z{”( T g)z% HHU(Wz)
AL = ) o }- (3.72)
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Also, using the assumption A5 and (3.71), we obtain
A5 = ) 10
< Cllp™" = 2" [l o wy)

< O{ hu = +1||U|| Y +1

vy 1
phz) + (hg) Y ||U||HT£+1(B%}IZ)}. (373)

Moreover, from (3.64), we have
I(AS = A= | 10 wg) < (A= D= |10 ). (3.74)

and from (3.66), with y = z, and recalling that hy <1, we get

= a0y < Mlp=" = oy + llullmowy)
< CODE fulyrios g, + Il
< Cllull e, (3.75)

Combining (3.72)—(3.75), we have

(AL =) (y) — (A} p27) ()]

1/ —n v\TY vy F1
< O(h) ™ { ()= ull s ey + ()5

) +1(B%hz)}.

(3.76)

Then we combine (3.70), (3.76), (3.60), and assumption A2 (c¢f. (3.60)) to get

S A — (A ) )10 o)
yeQy
VT, r +1
< O{Ii h +1Hu||H7T+1 B, —|— Z ||1LHHT»§+1(Bg V)}
e yeQY oy
v r;-i—l .
<C Y ()l g (5 (3.77)

yeQy

which is an estimate for the second term in (3.68). Thus, from (3.68), (3.69),
and (3.77), we have

v v v r; 1
= 3wt <€ X G g B9
yry LA hv

YEQY YEQY S

4. It remains to estimate |lu —>_ v, wy @y ||gsmn). Using (3.78), which is
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valid for all x € X”, and assumptions Al, A2, A4, we obtain

= > wydhlte@ny < D llu— D whdyle
yeXY zeX” yeEX”
n\2(rf+1—s
< Ok 30 3 T el
zeX” yeQy e
n2(rY+1—s
< O ()P 2 (3.79)

r, y
=3 H'yvL (thé)’

which is (3.65). O

It will be useful to state estimate (3.65) in Theorem 3.8 in certain alternate

ways. Given a family of particle-shape function systems {M"}, cn satisfying
A1-A7, define

h* = sup h%, for each v. (3.80)
zeXv

With this definition, from (3.65) we have

v 1/2

v v v\2(r,+1—s

”U— Z wy¢y||Hs(]Rn) < C( Z (h ) (ry )||UHHT£+1(B” )) . (3_81)
yexv yeXY Phy

Now, if r}, = k', where 0 < k" < k, for all y € X", for all v, then (3.81) leads
to the following result.

Theorem 3.9 Suppose the family of particle-shape function systems {M"},cn
satisfies A1-A7, (3.64), and in addition, suppose h¥ < 1, for all v. Suppose
[[wll g 41y < 00, where 0 < k" < k. Then there are weights wy € R such that

lu= 3" whdh i < CO Ml giriay,  (382)
yexr

for 0 < s <min(q, k" + 1), where C is independent of u and v.

We note that if h"* < h*2) v, v € N, then we would view M"* as a
“refinement” of M"2.

There is yet another way to state the estimate (3.82). Let 0 < h < 1,
and suppose {M"},en, a family of particle-shape function systems satisfying
A1-A7, (3.64), and in addition,

h* = sup hZ, <h, for each v. (3.83)
zveEXVY

We can now think of v = v(h) as determined by h, although, of course, many
particle-shape function systems satisfy (3.83). We can, in fact, think of having
a one-to-one correspondence between v and h. Thus we can regard h as the
parameter and write a family of particle-shape function systems as

(M " ocn<r = {X", {hh, Wk, ¢4} sexn ocn<t

30



instead of {M"},cn. With this understanding that v = v(h), the estimate
(3.82) can be written as

lu—= > whdpllme@n < O lul| s gy (3.84)
EEX;"

We are naturally interested in having h N\, 0, and hence in considering v(h)’s
for which h*(") \_ 0. More specifically, we will often consider a sequence hy >
ho > --- Y\, and the corresponding sequence of particle systems M"*, M¥2 ...,
where v; = v(hy).

We remark that the estimate (3.65) is stronger than (3.82) and (3.84), in
that (3.65) uses hY., instead of the larger h”, and (3.65) allows a more gen-
eral regularity assumption on the function w. The viewpoint, outlined in this
paragraph, is similar to the usual view of meshes in FEM.

For a given family of particle-shape function systems {M"},cn, we defined
the space V54 in (3.62). With h, 0 < h < 1, as the parameter, i.e., for a given
family M", 0 < h < 1, we will use the space

VZ’Q = Vf(%) = span {¢g cx e XM} (3.85)

So far, we have discussed the approximation of a function w defined on
R™, by particle shape functions. We now consider u defined on 2, where 2 is
bounded domain, with Lipschitz continuous boundary, in R". We now show
that functions in V%, defined by

k, k,
VQf]h = span{gzﬁgQ : qﬁg e V4, where 77; NQ#0}, (3.86)
provide accurate approximation of functions u, defined on 2.

Theorem 3.10 Suppose M", 0 < h < 1, is a family of particle shape function
systems satisfying A1-A7 and (3.64). Let Q C R™ be a bounded domain with
Lipschitz continuous boundary, and suppose u € H’“l“‘l(Q), where 0 < k' < k.
Then there are weights wZ € R such that

llu— Z wﬁﬂﬁ”m(sz) < CRM 0 ul| g oy (3.87)
yeXh
for 0 < s <min(q, k' + 1), where the constant C is independent of u and h.

The proof of this theorem is based on using (3.84) on the extension 4 = Eu,
and is similar to the proof of Theorem 3.5. We omit the proof of this theorem.
We note that the approximation Zye xh w;‘(b’;, obtained in Theorem 3.10, is

such that
h . h
> wydy o
yeXh

k,q
S VQ,h.

In Section 3.2, we reviewed the notion of (¢, k*)-regular system Sp(€2). In

the next theorem, we show that Vg% is a (k + 1, ¢)-system.
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Theorem 3.11 Suppose M", 0 < h < 1, is a family of particle shape function
systems satisfying A1-A7 and (3.64). Let Q C R™ be a bounded domain with
Lipschitz continuous boundary. Then Vfﬂl is a (k+ 1, q)-regular system, where

k is the order of quasi-reproducing shape functions in M".

The proof of this theorem is similar to the proof of Theorem 3.6, and will
be omitted.

Remark 3.10 The space Vgi satisfies the local assumption (LA).

Quasi-Uniform Particle-Shape function System:

We will call a family of particle-shape function systems {M"}o<1 quasi-
uniform if there is a 8, 1 < 8 < oo, such that

8>

<pB3, forallz,ye X" forall0<h<1. (3.88)

TS

|<

pl <
We note that (3.88) is equivalent to

Bl<— <8, forallye X" forall0<h<1, (3.89)

<3| =

where h is defined by (3.83).

Remark 3.11 We can also define uniform particle-shape function system by
imposing the condition

hi=hl, forallz,y€ X" forall0<h<1.

We note that the system with uniformly distributed particles and the associated
shape functions as defined in Section 3.1 is uniform. But uniform particle shape
function systems may have particles that are not uniformly distributed.

Consider a family of particle-shape function systems {Mh}o<h§1 satisfying
the assumptions A1-A7. Let  C R™ be a bounded domain, and define A}, =
{z € X" : 9" N Q}. Suppose M" satisfies the following additional assumptions:

e M" is quasi-uniform, i.e., (3.89) holds.
e For all z € A}, there is a 3 > 0 such that, for 0 < s < g,
BhE T < Gl e wrney < BhEF, for all y € QF, (3.90)

where Q% = {y € X" : nﬁﬂwg # 0} (cf. Ad).

32



e For all w, € R, for y € Qg, and z € Ag, there is C' > 0, independent of z,

such that
s n11/2
WS w02 < O Y wy il iy, for 0< s <q. (3.91)
yeQl yeQR

Then the particle space Vg’ ;, satisfies the inverse assumption IA, introduced in

Section 3.2. To see this, consider z € Af. Then, using (3.90) and (3.91), we
have

I Z wgd)ZHHQ(w,’L%nQ) < Z |wg| ||¢2||H‘1(w£ﬂﬂ)
yeQx yeQy
n_ 2 1/2
< ChETI(Y 0 fwyl?)
yeQy
_ Chs—qh—s( Z |wg|2h")1/2
yeQl
< Chs_q” Z wg¢;||H5(w£ﬂQ)v (392)
yeQl

where C' depends on k (¢f. A2). Thus

1> e < D0 11D wydyliwrna

yeAl z€AL  yeQh

< Chs4 Z || Z wg¢£”iﬁ(w2ﬂ9)

zEAL yeQR

< Cr1 Z wg¢£||%{5(w£ﬂﬂ)'
yeAS

Since any element g of Vg’i is of the form de Al wg¢g ’Q, we have shown that

V}é’ ,, satisfies the inverse assumption IA. We summarize the above discussion in
the following theorem:

Theorem 3.12 Suppose M", 0 < h < 1, is a family of quasi-uniform particle-
shape function systems satisfying A1-A7, (3.90), and (3.91). Let Q C R™ be
a bounded domain with Lipschitz continuous boundary. Then Vg"z satisfies the
inverse assumption IA. 7

Remark 3.12 We can show that the particle space V’fb’q also satisfies the inverse

assumption IA, if M", satisfying A1-A7, also satisfies (3.90) and (3.91) with
Q =R".
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4 Construction and Selection of Particle Shape
Functions

In Section 3, we presented an abstract description of particle-shape function
systems with respect to uniform as well as non-uniform distribution of parti-
cles. We showed that if these particle-shape function systems satisfy certain
properties (assumptions A1-A7 and (3.64)), they will have good approximation
properties. In this section we will present an example of a particular particle-
shape function system, where the shape functions are reproducing of order k,
and show that under certain conditions they satisfy assumptions A1-A7, and
hence have good approximation properties. We note that (3.64) is trivially satis-
fied. This example will also show that a wide variety of particle shape functions
can be constructed. Therefore it is important to address the issue of selecting an
appropriate class of shape functions that would yield efficient approximation of
the solution of a particular problem, or a class of problems. We also present an
interpolation result that will indicate a procedure for choosing a class of shape
functions, among a given collection of such classes. Such shape functions will
yield the smallest value of the usual Sobolev norm interpolation error, when the
interpolated function is included in a higher order Sobolev space.

4.1 An Example of a Class of Particle Shape Functions

Several particle shape functions have been developed over the last decade. SPH
shape functions [39] were introduced in the context of fluid dynamics, whereas
Shepard functions [77] and MLS shape functions [53] were introduced in the
context of data fitting with respect to irregularly distributed particles in higher
dimensions. In the 90’s, RKP shape functions were introduced [58] in the context
of approximation of solutions of partial differential equations. In this paper, we
describe the construction of RKP shape functions for non-uniform as well as
uniform distribution of particles, and relate them to the abstract setting given
in Section 3. Specifically, we will show that the resulting particle-shape function
system satisfies assumptions A1-A7.

Non-uniformly distributed particles:

For v € N, N an index set, let X¥ = {a¥},cz where z¥ € R™. With
each z} € X", we associate a positive number h}. We consider a fixed v and
often suppress the superscript v, e.g., we write x; and h, instead of z¥ and h?,
respectively. We will comment about v when appropriate.

Let w(z) > 0 be a continuous function with compact support, specifically,

n = supp w(z) = Bg(0), R>0. (4.1)

The function w(zx) is called a weight function (or window function).
The commonly used weight functions in 1-d are as follows:
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(a) Gaussian:

S/ R)? _ 5

AE— <
w(w) = = =R (4.2)
07 ‘x| Z R’
where 6 > 0.
(b) Cubic spline:
2 4(@/R?+A@/RP, o] <R/
w(z) =4 3—4(z/R)+4(z/R)? — 3(z/R)®>, R/2<|z|<R (4.3)
(c) Conical:
1— (z/R)? l, z| <R
w(z) = { [ (0/ )] }x{ SR (4.4)
where [ = 1,2.... We note that one may consider non-symmetric versions of

some of these weight functions, as was done in [2].

In R™, w(z) can be constructed from 1-d weight function w(x) (symmetric)
as w(z) = w(]|z||), where ||z| is the Euclidean length of z. w(x) can also be
constructed as, w(z) = H?=1 w(;z), where x = (12,22, ...,,2) € R”. Conse-
quently, n will be an n—cube. However, we will assume 7 given by (4.1) in this
section.

For each j, we define

Clearly,
nj = supp wj(z) = Brp, (z;). (4.6)
Let
Qi = {mj =1 N1y # 0}, (4.7)
and assume that
Ujezn; = R™, (4.8)
card Q; < k, for all ¢ € Z, (4.9)

where £ is independent of ¢ and v.
For a given integer k, k > 0, the RKP shape function ¢,(x), associated with
the particle z;, is defined by

$;(x) = wy(x) Y (= a;)ba(2), (4.10)

|| <k

where b, (x) are chosen so that

Zp(xj)(bj(x) = p(x), for z € R™, for p € PF(R"), (4.11)
JEZ
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so that {¢;(z)};ez are reproducing of order k. This gives rise to a linear system
in b, (z); namely

S Mt s(@)ba(@) = S0, for || <k, (4.12)
|a| <k

where d)g| o| is the Kronecker delta, and
Z w(x)(x — x;)"
JEL
It is clear from (4.6) and (4.10) that
supp ¢;(x) = supp w;(z) = n;. (4.13)
We now briefly, describe the derivation of (4.12). For a fixed y € R™, consider
ps(e) = (y—2)", 0<[B <k

Using p(x) = pg(z) in (4.11) we get

>y —a)’i) = (y — 2)°,
JEZL

and letting y = x in the above equality, we have

> (@ =) 6i(z) = g0, 0< B <k (4.14)
JEZ
Thus (4.11) implies (4.14). In fact, one can also show that (4.14) implies (4.11).
Now using (4.10) in (4.14), we get

o = > (z—x;)"¢;(x)

JEL
= Z(l‘ — mj)ﬂwj(x) Z (-T - xj)aba(x)
JEL la| <k
= bala) Y wla) - )
|| <K JEL
= > maip(@)balz), (4.15)
la|<k

which is (4.12).
We now consider the unique solvability of (4.11). For k = 0, the linear system

(4.12) is mo(2)bo(x) = [ ;e wi(x)]bo(z) = 1. Assuming Y, ., wi(z) #0, z €
R™, we have bg(x) = 1/mo(x). Therefore from (4.10), we have

R C) ,
¢]( ) Eiezwi(l‘)’ j EZ.
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This expression for {¢;(x)} gives another verification that they form a parti-
tion of unity. These shape function are called Shepard functions; they were
introduced in [77].

The unique solvability of (4.12), for k > 1, depends on the weight functions
w;’s and on the distribution of the particles {x;} in R”. The required distribu-
tion of particles in turn is related to the interpolation problem in R™. It was
shown in [48] that a necessary condition for unique solvability of (4.12) is that,
for x € R™,

card A(z) > dim PF, (4.16)

where

A(x) ={x;:x € m}. (4.17)

For k = 1, in was shown in [48] that the linear system (4.12) is non-singular if
the following conditions are satisfied:

(a) There are constants Cy,Cs > 0 independent of v, and h > 0, such that

h; .
< Oy, forall i € Z; (4.18)

Clgﬁ_

(b) There are constants C;,C; > 0, independent of v, such that for any
x € R™, there are (n + 1) particles x;, € A(x),l =0,...,n, such that

. T — Ty ~
T M) >0 >0 4.19
olgnll%lnw ( A ) =01 > ( )
and R
Volume K (x;,, i, ...,z ) > Cah™, (4.20)
where K (x;,, T, .., 2;, ) is the simplex with vertices z;,,l =0,1,...,n.

We will now cast RKP shape functions, discussed above, in the framework
of a particle-shape function system, introduced in Section 3.3. We started with
a collection of particles X¥ = {x?}jez, where 2% € R", and positive numbers
h%. Corresponding to each particle 2/ € X¥, we associated, in (4.10), the RKP
shape function, ¢ = ¢; with compact support 7y = n; = Eth (x), where
the parameter R was related to the weight function w(x). It was shown in
[48] that if w(x) € CI(R™), then ¢; € CI(R"), and thus ¢; € HI(R"); here
we assume ¢ = 1. We recall that the conditions (4.8), (4.8), (4.16), (4.18)—
(4.20) were required for the construction of shape functions, ¢;, j € Z. We let
; = wj = 1;; certainly w?’s are bounded domains. We now show that the

W
J
family of particle-shape function systems {M"},cn, where

M= { X7 (w0

with these choices for ¢! and w}, satisfies assumptions A1-A7 in Section 3.3.
We will continue to use the notation, introduced earlier in this section, and

suppress v; the statements of A1-A7 using this notation should be clear.
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e Since w; = 1; for ¢ € Z, assumption Al follows from (4.8). We also see
that the sets S = S; and Q} = @i, introduced in assumptions A2 and
A4 are same. Thus A2 follows from (4.9).

e Assumption A3 is immediate from the definition w;.

., introduced in assumption A4, is given by
QF = Q; = Uyg,eq,7;- Since 7;’s are balls of radius Rhy, it is easily seen,
using (4.18), that assumption A4 is satisfied with p = 3RC5/C.

e Since w; = 10, the set QY

e RKP shape functions, ¢;, considered here, are reproducing of order k = 1,
i.e., they satisfy (4.11) with k = 1. Thus A5 is satisfied with A} = A; =1
(identity), for all ¢ € Z, with k = 1.

e It was shown in [48] that if the weight function w(z) € C?, then
|@illws.oe iy < C(hi)~ %, for 0 < s <gq, forieZ.
Thus using a scaling argument and this estimate, we obtain
P:ll ers () < C(hy)™*t/2 for 0< s <gq, foricZ, (4.21)

where h and h; satisfy (4.18). Recall that we assumed ¢ = 1. Now let
z; € Q;. Then

P51l 25 () = Dl £ (i) < NPl ers )
and combining this with (4.21), we get, for 0 < s <1,
051l 25 (i) < C(h;)~*+t2 for all z; € Qy, for all i € Z,
which is assumption A6 with ¢ = 1.

e A scaling argument shows that assumption A7 is satisfied.

We remark that (3.61) of Remark 3.4, together with condition (b) (following
(4.18)), establishes a lower bound of k, namely (n + 1) < &.

We have thus shown that assumptions A1-A7, with £k = 1 and ¢ = 1, are
satisfied by RKP particle-shape function systems provided (4.8), (4.9), (4.16),
(4.18)—(4.20) are satisfied. Thus we can apply Theorem 3.8 to obtain an approx-
imation error estimate for RKP particle-shape function systems. Note that the
condition (3.64) in Theorem 3.8 is trivially satisfied with A% = I for all z € X".
We remark that an interpolation error estimate, under the assumptions (4.8),
(4.9), (4.16), (4.18)—(4.20), was also obtained in [48].

We note that A1-A7 only guarantee good approximability of the shape func-
tions; they do not provide a recipe to construct particle shape functions that
are quasi-reproducing or reproducing of order k. In fact the availability of such
particle shape functions is assumed in A5. Further assumptions may be needed
to construct such shape functions; for example (4.16), (4.18)—(4.20) were needed
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to construct RKP particle shape functions. Therefore, there should be enough
restrictions on the particle distributions and the supports of shape functions so
that it is possible to construct these shape functions satisfying A1-A7, thereby
ensuring good approximation properties.

Uniformly distributed particles:

We consider the uniformly distributed particles x? = jh, j € Z" as in Section
3.2. This is a special case of the non-uniformly distributed particles considered

in the first part of this section. For each z”, we define w;’(x) = w(mfhwh ), where
w(z) > 0 is a continuous weight function with compact support n = Bg(0).
Clearly, 775»‘ = supp w? (z) = ERh(x?). It can be easily shown that if R = 3/n/2
(in fact, we need only R > /n), then (4.8), (4.9) with x = (4R + 1)", (4.18)
with C; = Cy = 1, and (4.20) with Co = 1/2 are satisfied. If w(z) = w(r),
with r = ||z||, is monotonically decreasing in 7, then it also can be easily shown
that (4.19) is satisfied with C; = w(y/n). Therefore, RKP shape functions
@" (z), associated with z?, for all i € Z" can be constructed using the procedure
described in (4.10), (4.11) and (4.12) for k = 1, namely

(@) = wj(x) Y (& —2)) 0 (x), (4.22)

la| <k

where {b(2)}|n< is the solution of

Z mgw(x)bg(x) =050, |8l <k, (4.23)
la|<k
with k£ =1, and
mh(z) =Y wh(x)(— )" (4.24)
jen
Shape functions ¢’s satisfy
> pal)el(x) = p(x), for all z € R", for all p € P¥(R"). (4.25)

jezn

As with the non-uniformly distributed particles, we consider the family of
particle-shape function systems

Mh:{Xh7{h}£7w§7¢}£}£€Xh}7 0<h§17

for RKP shape functions with respect to uniformly distributed particles, by let-
ting X" = {z = x;l :j € Z"} and using h? = h, W = 77]}»‘ and ¢! = ¢?. Note
that here we used the parameter h instead of v. We have shown above that
conditions (4.8), (4.9), (4.18)—(4.20) are satisfied, with w(z) = w(r), a mono-
tonically decreasing weight function in r, and R = 3y/n/2. Therefore, based

on the discussion on RKP particle-shape function systems for non-uniformly
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distributed particles, it clear that {M"}o.j,<1 satisfies the assumptions A1-A7
with k& = 1, ensuring good approximation properties of the RKP shape func-

tions.

We recall that in Section 3.1, the particle shape function ¢(x) was defined
in (3.1) by scaling and translating the basic shape function ¢(z) for uniformly
distributed particles, i.e., they were translation invariant. We will show that the
RKP shape functions {¢!};czn, constructed via (4.22) and (4.23), also satisfy
(3.1) with ¢(x) = ¢§(x) (i.e., with i = 0 and h = 1). We assume that the linear

system (4.23) is invertible for k > 1.
From (4.22) and (4.23) with ¢ = 0 and h = 1, we have

¢(z) = wlz) Y 2°by(a),

la|<k

where bl (2) are the solutions of

Z m;+ﬁ(33)b}l(x) = 0,0, for |B| <k,

lee| <k
and
my () = Y wlz - j)(@ - 5)".
jeZn
We replace x by mfhz? in (4.27) and (4.28) to get
x —xh x —ah
> Mgl - Iba(———") =050, for [B] <,
la|<k
where
h
WLt A x— N, T =T o
my (") = Y w T (T )
Jjewr
h h
— T gy P T ity ya
JEL™
1 «
= lal Z w?(m)(fﬂ - x?)
JEL"
L oh
Using (4.30) in (4.29), we get
1 h r—al
> g Mat8(2)ba(—=") = dg10,

|| <k

and therefore,

h L, &=y sl
Z ma—i—ﬁ(x)mba( h ) =h 5\5‘,0 = 5‘ﬁ|70, for all ‘ﬂ| <k.
la| <k
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Since b/ (z)’s are unique solutions of (4.23), it is clear from (4.31) that

1 r—al
h = i
ba(z) - h‘a|b0¢( h )7
and thus from (4.26), we have
r—zh r—zh r—zh oz —ah
loe|<k
1 T —x
— h _ ha P
= wl@) 3 - al) ()
la| <k
= i) Y (o ah) )
o] <k

= o).

Thus, for uniformly distributed particles, RKP shape functions satisfy (3.1),
i.e., they are translation invariant.

Remark 4.1 To approximate functions defined on a bounded domain 2, we use
the restrictions of RKP shape functions on €2, as described in Section 3.3 (cf.
(3.86) and Theorem 3.10). We note that the RKP shape functions corresponding
to the particles near the boundary of €0, as defined here, are different from the
RKP shape functions defined in [48] and [58]. But they are same for particles
inside €, sufficiently away from the boundary 0€2. They are also same when
Q=R".

4.2 Interpolation and Selection

In this section, we will address the interpolation of a function in terms of particle
shape function, and will propose a procedure to select shape function that will
yield efficient approximation. We consider uniformly distributed particles {m;l}
in R™, and the associated particle shape functions {d)?}, defined in (3.1), where
¢ € HY(R™) with ¢ > 1 has compact support; supp ¢ C Bgr(0). We have seen
that (b;“s are translation invariant, supp (;5? € B Rh(x?), and in addition they
satisfy

165 11 ey < B2l a1 ey - (4.32)

We assume that {(b?} are reproducing of order k, i.e., (4.25) holds.

Let © be a bounded domain in R™. We will consider a smooth function u(x)
defined in 2 and study the error v — Tu, where Z,u is the “interpolant” of u
in terms of (;5?. The results in this subsection are from [13], and we refer to [13]
for some of the details that we do not present here.

We now define the “interpolant” Zu of a function u. For any = € R™, let

Al ={keZ": 2 ecql}
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Al is called the influence set for the point z. Then (Zyu)(x) is defined as

(Tnu)(@) = ) ula})d) (2). (4.33)

JEAL

In (4.33), we, of course, assume that u(z?) is defined for all j € A" If p € Pk,
then from (4.25) we have

Z p(x?)(b?(ac) = Z u(x?)qb?(x) = p(x), for all z € R", (4.34)

jEAhR JEL™

i.e., Inp = p. Now let u € H?#(Q) with s > n/2. For some z € Q, the particles
aly for j € Al may be outside Q, and u(z)) may not be defined. To define

Tyu(x) for u € H*(Q) and for all 2 € Q, we need an extension % of u in a ball
Bp, containing 2 such that dist(092, 0Br,) > ph, and u € H*(Bpg,). Then,

(Thu)(z) = (Tpa)(z) = Z ﬂ(m?)(b?(x), for x € Q, (4.35)
JEAL

is well defined. For an extension u, we may use @ = Eu, where Fu was defined
in (3.51). Thus, (Zyu)(z) for z € Q will depend on few values of a(z), where

the particle a:? is just outside Q. We remark that Zju is not an interpolant of u
in the usual sense, since, generally, ¢/ (/) # §;;, and hence (Zu)(a”) # u(zh).
We define the function

eh(z) =2 - Z (zM) el (2), |a| =k + 1, for z € R™. (4.36)
i€ Al

We will also use

Eo(z) =&l (n) =™ — Z 1“¢(x — 1), la| =k+1, for x € R", (4.37)
1€AL

where Al is A" with h = 1. These functions will play an important role in the
analysis presented in this subsection, as well as in Section 5. We note that &, ()
is the error between the polynomial z®, with |« = k + 1, and its interpolant
when A = 1. In 1-d, we will write these functions as & () and &y1(w)
respectively.

We begin with certain results about these functions. We first present some
notations that will be used in these results. Let IJIT” be the cell centered at 1’?,
defined by

I;" ={z:|z - xé’”oo = max |, — xj,| < h/2}.

i=1,..,

For each I jh, we define

Al ={kezZ" i Il #0},
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and

Eﬁlzz{UkeAglth($Z)}LJ[f-
We note that cardinality of A;? is finite, and is bounded independent of j and h.
Also there exists R > 0, independent of j and h, such that B" C B" = By, (2")
and UjeZnB;»L = R"™.

Lemma 4.1 ([13]) £(z), with |a| = k + 1, is periodic, i.e.,
&z + x?) =&M(x),  for any 9:? (4.38)
Proof. We first note that
(z+aM)™ = 2% + p(a; ), (4.39)

where p(z; ac?) is a polynomial in z of degree < k with coefficients that depend
on x? Now using (4.39), with = 27, and the fact that the ¢/’s are translation
invariant and reproducing of order k, we get

D@l +al) = Y ()l ()
i€Ln i€Zn
= > (@) el )
i€Zn
= > (@ +a}) ()
ZEZTI

= > @h)erx) + Y plal;al)el(x)

1EZL™ 1EZL™

> (@) el (@) + ple,f). (4.40)

iezn
From from (4.36), (4.39) and (4.40), we get
ez ray) = a® =Y (a]) ¢t (@) = Eala),
iczn
which is the desired result. O
Lemma 4.2 ([18]) Let o = «(i), i = 1,---, My be an enumeration of the

multi-indices « with |a(i)] = k + 1. Let Ijh be the cell centered at the particle

z;’ Then, for d, € R, we have

1 n
> —da€li(z) 3 n) = BV (A+ W2 B)V, (4.41)
lo|=k+1
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where V = [do 1y, da(2), - - - ,da(Mk)}T and A, B are My, x M, matrices given by

1
A = /I Wvga(l) : Vga(m) dz, (4.42)
B = 71 d 4.43
Im = /Ia(l)!a(m)!fa(z)ﬁa(m) z, (4.43)

respectively, and I = [—1/2,1/2]™.

Note: The matrices A and B are independent of I Jh
Proof. A simple scaling argument, used with (3.1), shows that

&lf) = W),

Now, using the periodicity of ¢/(z), a standard scaling argument, and this
identity, we have

1 1
|3 Ve oy = | 3 2daVER@) gy
lal=k+1 ol=ken
1 X
2(k+1) — n :
h I Z a!daV[§a<h)] ||H0(13)
|| =k+1
. 1
P22 3 1% Véa(y) o)
|| =k+1
= p2htnyT gy, (4.44)

Using a similar argument, we have

1
> —da&a (@) o gy = W VIBY.
la|=k+1

Combining this identity with (4.44), we get

1
| Z adafg(ff) 3 ) = WV (A+ B2 B)V,
lal=k+1 ’

which is the desired result. [

Lemma 4.3 ([13]) Let Ijh be the cell centered at the particle x?, and consider
the corresponding set B]h Suppose u € Hk+2+q(3§‘) with ¢ > 5 when n > 2,
and g =0 when n =1. Then,

(a) for any § > 0,

~ 1 o
=Tl € Q4] Y O 0EHL@I g,
|| =k+1
1

+(1+ 55)Ch2 > ID%ull o zny- (4-45)
la|=k+2
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and
(b) for any 6 >0,

1 . -
I > S0 wWENGE@ @ < 1+ =Tl g,
lo|=k+1

1 2%+2 |2
+(1+ 55)Ch | 2 NP lsy
a|=k+2

(4.46)

The proof of this result is based on Taylor’s Theorem, a bound on the remain-
der in Taylor’s Theorem, and a bound on the interpolant of the same remainder.
We do not include the proof here, and refer to [13].

We will now study the interpolation error u— Zj,u, where u is a smooth func-
tion in . An interpolation error estimate, namely HuffhuHHqQ) ~ O(h*), was
proved in [48, 59] for the RKP shape functions. A similar order of convergence
in the H%* norm was also obtained for MLS shape functions in [1, 2]. We
note that the definitions of Zpu for the RKP shape functions and MLS shape
functions, presented in these papers, are slightly different from our definition
as given in (4.35). From the proof of the our next result, we will obtain an
estimate of |ju — Zpul| m1 (o) where the shape functions shape functions are re-

producing of order k. Moreover, this theorem gives some information on the

. -1 . - . .
size of w, which facilitates the selection of “good” shape functions,

which will be discussed later.
We now present the main result of this section. We define certain sets, which
will be used in this result:

Al ={kez" . QnI} + 0}, O = Ujeqn 1],
Ah:{kGZ”:I}JCQ}, Qh:UjeAhIJh’
B"={UjewBj}UQ  B"=UicuB).

It is clear that Q, C Q C Q, and |Q — Q[ — 0, [ — Q| — 0 as h — 0. Also
Qc B"c B" and |B"—Q| -0, |B" —Q| - 0as h — 0.

Theorem 4.1 ([13]) Let \ be the largest eigenvalue of the matriz A given in
(4-42). Suppose q > 5 when n > 2, and ¢ =0 when n = 1. Then, we have

u — fhu 2 1 _
sup  lim Il = Ziellir oy _ A, (4.47)
weHk+24a() h—=0  hZFQp (u)

where

Qn(u) = |“|?{k+1(9) +h Z HDQUH?{q(Qy (4.48)
|| =k+2

45



Note: In (4.47), we consider u € H*2+4(Q) such that u ¢ P*.
Proof. We will first prove that for u € H*+2+4(Q),

. HU*IhUHHI(Q) vaT AV (z) dx
im T
h—0 h2*Qp(u) |U|Hk+1(Q)

, (4.49)

where
VT (z) = [D*Du(z), D*Pu(z), ..., D¥Me)y(z)],

and «(i), 1 < i < My, are the multi-indices with |a(i)] = k + 1.
Let u € flk+2+q(Q) and suppose 7 is an extension of u, as discussed before.
Since, 2 C Qy,, we have

lu—Znulli gy < 1o = Znallip g,y = D 18— Zualf ).
jeAr

Therefore, using (4.45), (4.41), and recalling that B" = UjeAhB , we get for
any § > 0,

~ 1 o~
lu—Tnul}pgy < @+ 1 Y P U)(ﬁ)ﬁﬁ(@“?p(zy)
jeﬁh laf=k+1 "
2k+2 o
+(1+ = 52 JOR*R2 3 0y Dl

jEAN |a|=k+2

< (148 N V(A + 2BV,

JjEAN
1 -
+(1+572)Ch2k+2 Z D UH%m(Bh)v (4.50)

|a|=k+2

where
VI = [D°Wa(ah), D*Pg(ah), ..., D MIg(ah)].

Therefore, dividing (4.50) by h2*Qy, (u), where Qp,(u) is defined in (4.48), we get

i = Tl o Sjea 'V (A + WB)V;

2
Q) = 1T )

A typical term of the quadratic form VjT(A + h2B)V; is
D*Da(ah)(Ay + h?By) D*Wa(ah).
Since

Flbi_% Z h"Da(i)ﬂ(x?)A“Do‘(l)ﬁ(m?) = /QDQ(i)u(x)AilDa(l)u(x) dx
jEA’L
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and
}lbli% h2 Z hnDa(i)E(JI?)BilDa(l)a(-’I??) =0,
jedn
we have
lim > WV (A+RB)V; = /VT JAV () da (4.52)

]E.Ah

Since |B" — Q] — 0 as h — 0, we have

lim Y Dy = Y. 1D Ul (453
|a|=k+2 |a|=k+2

Also limy o Qn(u) = [u|gr+1(q). Thus, for any 6 > 0, using (4.52) and (4.53)
n (4.51), we get

Jo VT @AV (2) da

|U‘Hk+1(Q)

. lu = Znul 1 (@
lim sup

2
PR W2 Q) (u) <1+

)

and, since § > 0 is arbitrary, we have

u— Tpul2 VT YAV
lim sup I ntl[ 7 (q) < Jo (v)dx

< 4.54
h—0 h2th(u) |U|Hk+1(ﬂ) ( )

Following the argument leading to (4.54), but using A", B" and (4.46) instead
of A", B", and (4.45), respectively, we can also show that

VT(z)AV(z)d u— Thul)?
Jo (f) (@) e ing I = Tl @ i I o) (4.55)
\u|Hk+1(Q) h—0 h2kQp (u)
'U/*j u 2
Combining (4.54) and (4.55), we see that limy_,g % exists, and

i 1 Do) o V@AV (@) da

h=0  h2kQy(u) |u|Hk+1(Q)

)

which is (4.49).
Since A is the largest eigenvalue of the matrix A, from the usual variational
characterization of eigenvalues, we have

Q

Thus from (4.49) we get

u —fhu 2 1
I 7+ (0 <X, forany ue H"?+1(Q).

im

wb R Qn(u)
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Hence -
||U*IILU||H1(Q) _

su lim —————F—F—— < A\ 4.56
uGHP+£rq(Q) h—0  h*Qu(u)  ~ (4.56)
Let ¥ = [v1,va,- -+ ,var,]T be an eigenvector of A corresponding to A. Then it

is easily seen that there is a u € P**! such that the vector V(x) = v. For this

particular u, we have
fQ VT(2)AV (x) dz

=\
|u|%pc+1(g)

Hence, from (4.56) we conclude that

(T ih“”fql(ﬂ) N
sup  lim ——— "H® _ 5
uer+2p+q(Q) h—=0  h2*Qp(u)

which is the desired result. [

Remark 4.2 We know from (4.35) that the interpolant of a smooth function
depends on its extension to R™. But it is clear from the proof of Theorem 4.1
that (4.47) is valid for any extension satisfying (3.51).

Remark 4.3 We note that same result holds for the H'-seminorm of the in-

terpolation error, i.e., for ¢ > 2 when n > 2, and ¢ = 0 when n = 1, we

2
have

u— Zyul? -
sup lim HI(@) =A

ugHr+2+a(Q) h—0 th““ﬁ{kH(Q) 03 a)=k2 HDO‘UH%M(Q)]

Remark 4.4 From (4.51) in the proof of Theorem 4.1, we can obtain an inter-
polation error estimate,

lu = Zhull i) < CB*|lull grszra(q),

where C' may depend on (2, but is independent of v and h. We note however,
that this is not the optimal error estimate. For an outline of the proof, see [13].

We have seen in Remark 4.4 that if the particle shape functions are repro-
ducing of order k, then for a smooth function u,

lu — Zpull g1 (o) = O(R),

where Zj,u is the interpolation of u as defined in (4.35). There are many classes
of shape functions that have these properties. We have seen in Section 4.1
that translation invariant RKP shape functions depend on the weight function
w(x), and different choices of w(x) will generate different classes of such shape
functions.
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We will assess the aproximability of a family {qﬁ?} of shape functions by
the size of ), the largest eigenvalue of the matrix A defined in (4.42). We note
that A is computable, and depends only on the basic shape function ¢(z). We
emphasize that A does not depend on u or on h. From (4.47), we know that

lu = Znull 12

hP+/ Qh(u)

Thus we see that ) is a useful measure of the approximabilty of the family {qb?},
determined from the basic shape function ¢(z).

We will illustrate our selection scheme in 1-d, and will rank the shape
functions according to to their approximability. We note that in 1-d, A =

("EIHE;L$)2 In the rest of this paper, we will suppress H' (0, 1) in |§x41] 10,1

S \5, for small h.

and instead write |€q1]1.

We considered four different classes of RKP shape functions, reproducing of
order 1, corresponding to four different weight functions w(z). These w(x)’s
were (4.2) with § =2, (4.3), and (4.4) with [ = 2,4. We then computed [£;41]1
for each of these four classes of shape functions for R = 1.7; we obtained

0.237, for w(x) in (4.4), 1 =2

) 0.203, for w(x)in (4.2),6=2
(€t = 0.095, for w(x) in (4.3)

0.029, for w(zx) in (4.4),l=14

We choose the RKP shape functions corresponding to w(x) given in (4.4) with
I = 4, since these shape functions yield the smallest value of |€x11]|1. We note
that the value of |{x+1]1 depends strongly on R, and the shape function cor-
responding to w(x) given in (4.4) with [ = 4 may not be our choice for other
values of R. We refer to [13] for futher discussion on this issue.

To validate our criterion of selection of the shape functions, we have con-
sidered the function u(z) = z* on the interval Q = (0,1) and computed the
error |u — fhu|H1(Q). Thu is the interpolant of u with respect to the four
classes of RKP shape functions described in the last paragraph, with h = 1/n,
n = 40,50, ...,100. We note that the definition of Z,u requires the values of
u(r) in a small neighborhood of €, and we have extended u = x* outside Q by
itself. We summarize the results in the following table.
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. u = Znulm (o)
Conical: [ =2 | Gauss: § =2 | Cubic Spline | Conical: [ =4

40 1.607e-2 1.376e-2 6.435e-3 2.283e-3
50 1.281e-2 1.096e-2 5.130e-3 1.730e-3
60 1.066e-2 9.112¢-3 4.267e-3 1.396e-3
70 9.126e-3 7.800e-3 3.653e-3 1.172e-3
80 7.980e-3 6.819e-3 3.194e-3 1.012e-3
90 7.090e-3 6.058e-3 2.838e-3 8.908e-4
100 6.379e-3 5.449e-3 2.553e-3 7.962e-4

Table 4.1: The H'-seminorm of the error, |u — fhu|H1(Q), where Zyu is the

4 using RKP shape functions that are reproducing

interpolant of u(z) = =
of order 1, corresponding to different weight functions w(z). The radius of

support of w(x) is R = 1.7.

From Table 4.1, it is clear that the error |u — fhu\Hl(Q) can be ranked
according to the size of |£3]; for the four choices of w(z) considered here with
R = 1.7; the error and |€3]; are both minimal when w(z) is the conical weight
function with | = 4.

This selection scheme is based on (4.47), and we know from Remark 4.2 that
(4.47) is valid for any extension. We refer to [13] for an experimental illustration
of this fact. We remark that this selection scheme is also valid for the projection
error, which will be indicated by our results in the next section.

5 Superconvergence of the gradient of the solu-
tion in Lo

Superconvergence is an important feature of finite element methods, which al-
lows an accurate approximation of the derivatives of the solution of the under-
lying BVP. In this section, we will discuss the idea of superconvergence when
particle shape functions are used to approximate the solution of a BVP. We will
consider uniformly distributed particles and the associated particle shape func-
tions, which were developed in Sections 3.1 and 3.2. For uniformly distributed
particles, a careful analysis in 1-d can be easily generalized to higher dimen-
sions. Thus, in this section, we present the results in 1-d, but by restricting our
analysis to 1-d, we avoid some details that arise in higher dimensional analysis.

We will use the notation that was introduced in Section 3.1, but restricted
to 1-d, i.e., for h > 0, we consider x? = jh, 7 € Z, and the corresponding
shape function (;5? defined in (3.1). We assume that the shape functions are

reproducing of order k. We use the following notation:
I =l ol ), Al ={meZ gl nIl+£0}
Ii=(j.j+1), A;=A; (with h=1).
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We assume that
card(4;) < k,

or equivalently,
card(A;-l) < K,

where « is independent of j and h. We assume that the basic shape function
¢() is such that, for any v(x) = >, ., ci¢i(x) for x € Iy, there exist positive
constants Cp, C5, independent of v, but may depend on «, such that

4 Z c? §/ v dr < Cy Z 2. (5.1)
JEAo To JEAo
This implies that the functions {¢;(z)}ica, are linearly independent in Iy, i.e.,
Z c;j¢;(x) =0, x € Iy implies ¢; = 0,5 € Ag.
JEAo

Throughout this section, we use C, C1, Cs as generic constants, which will have
different values in different places.
Consider 2 = (—c,d) C R. Let ug € H'(Q) be the solution of the Neumann
problem
B(ug,v) = F(v), forallve H'(Q) (5.2)

where

B(u,v)z/@(u’v’—l—uv)dw and f(v):/gfvdx

as in (2.4) and (2.5). We will often use the notation B¥ (u,v) to denote the
above bilinear form, where the 2 is replaced by another domain F'.
Let up, € Vg’g be the solution of

B(up,v) = F(v), forallve Vi, (5.3)
where Vé)’h was defined in (3.55). It is clear from(5.2) and (5.3) that

B(ug — up,v) =0, forallve Vé:g, (5.4)

and we easily have
lunllme) < lluollm (o) (5.5)

Recall that the functions in VS]; 7 are restrictions of the functions in S5, = V,f 4

on Q (¢f. (3.2) and (3.55)). Thus (5.4) is true when Vé:g is replaced by S,.
We assume that for any p > 0,

1
luo — unllzo(s, ) < Ch*H|uoll grsr ()p? (5.6)

and there are positive constants Cy, Cs, independent of u, h, and p, such that

ko1 g = upllas,00) koL
C1h%pz < < Cah™pz, (5.7)
||Uo||Hk+1(Q)

o1



where B,(0) = {z : |z| < p} and B,(0) C Q. We will write B, = B,(0) through
out this section.

The main goal of this section is to investigate the error u/(z) — u}, () in a
neighborhood of x = 0, i.e., for x € By CC Q and H = h", v < 1, where v will
be chosen later. We will prove the following result:

Theorem 5.1 Suppose ug and uyp, satisfy (5.6) and (5.7), and let e, = ug —up,.
Moreover, assume that ug € Wfo+2(BQH). Then for h small enough, there exists
€* >0, such that

!/
llef, = T(uo)&k 1y Il

/ B < ope
Heh||L2(BZH)

u(k+1) (0

where T'(ug) = [()IcTD') and §Z+1(x) = h’““gkﬂ(%); €1 is defined in (4.37).
Remark 5.1 Theorem 5.1 is a superconvergence result. It shows that

i
||6/h —T(Uo)fﬁﬂ HLQ(BH) << ”e/h”Lz(BH)'

This allows one, for example, to analyze the effectiveness of an error estimator
as was done in [19].

Since the all the results in this paper have been presented in terms of Lo
based norms (i.e., in terms of the usual Sobolev norms), we also present this
result in terms of Ly based norm. Superconvergence in Lo, will be addressed in
a forthcoming paper. Assuming superconvergence in L, the superconvergence
points and superconvergence recoveries in the case of particle shape functions
can be obtained analogously as in [19]. At the end of this section, we will see
an example where the superconvergence points are distributed differently than
in the classical FEM.

Remark 5.2 The essential aspects of superconvergence analysis in the classical
FEM are interior estimates, developed in [71], [75], [88]. This analysis strongly
utilizes the polynomial character of the shape functions. Here, in the case of
particle shape functions, we had to develop another approach to the analysis
of superconvergence, which is based on weighted Sololev spaces. The main
idea of the proof of our superconvergence result is to show that locally, the
approximation error is asymptotically same as the error in the interpolation
of a polynomial of degree k 4+ 1 by particle shape functions. The analysis is
technical; we present the main idea of this analysis in this section.

Remark 5.3 Assumptions (5.6) and (5.7) are directly related to the control of

pollution, as in FEM. The assumption that ug € W.F1(B,) is analogous to the
assumption in FEM (see [19]).
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To prove Theorem 5.1, we will first develop certain ideas and establish many
technical results. Towards this end, for given parameters H = A7, with v < 1,
and a > 1, we define the function g(x) by

1, —-H<x<H
g(z) =3 e ol@—H) x>H (5.8)
e (H+z) Tz < —H.

where « is such that ah < 1, and will be chosen later. We note that a proper
choice of v and « is crucial for the analysis presented in this section. Often, we
will use g = g(z), g; = g(2}) and Jirr = g(xh +h/2).

Generalized Interpolant and certain norm estimates:

We first introduce the idea of generalized interpolant of a function w, which
is different than Z,u defined in Section 4.2. Let Iy = I_, U Iy U {0} = (—1,1)
and Ay = A_1UAy. Then from (5.1), it is clear that there are positive constants
C1, Oy, independent of v = 3, ¢;¢;(x), but may depend on &, such that

o Z c? S/ vidr < Cy Z e, (5.9)
jEAy To jEAg
which implies that {¢;(x)};, 4, are also linearly independent in Iy. We define

Yo(®) = D e 4, aii(x) with supp g = I (closure of Iy), such that

; Yo(x)po(z)dr = 1,
o(z)pj(x)de = 0, forall j € Ay, j#0. (5.10)
Io

Using (5.9), we can show that
H¢0||L2(f0) <C. (5.11)

We also note that, since {¢;(z)},;c 5, form a partition unity on Iy, from (5.10)
we have

o) dr = [ (@) Y ¢i(x)de = | wo(@)pe(x)dr=1.  (5.12)
Ip Io icA Io

Let ¢! (x) = to(¥ —4). Then supp ¢! = E, where I!' = (al_,, 2l ).
Note that Uiezfih = R. Now for a given v € Ly(R). we define the generalized
interpolant of v as

Tio(z) =) Ui (v)gl (@), (5.13)

1€Z
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where
1

OB

Yi(x)v(z) de. (5.14)
i
We note that Zjv(z) depends on the v(y) for y € UieAh(w)th, where A"(z) =
{l€Z:zent}. We also define
Al ={m e Z:nh NIl +0}.
Lemma 5.1 Suppose v(z) =Y, ., cloh(z). Then

o= Thw) (5.15)

3

and Tiv(z) = wv(z). (5.16)
Proof. From (5.10) and the definition of W% (v) in (5.14), i € Z, we have

Vi) = ¢ [ e

1 r . hooL .
= n B 1/’0(E — 1) Z Cjﬁf)(ﬁ —Jj)dzx
‘ jeAl

/i doly) Y chei—ily)dy
h

jeAl
= C’i s
which is (5.15). Now using (5.15) in (5.13). we get (5.16).0
Remark 5.4 We note that if v is a linear combination of ¢?’s only locally,
i.e., in a bounded open interval, then Z/v = v only in the interior of that open
interval. More precisely, Z;v = v in an interval I if v is a linear combination of
¢i’s in Uger UscAh(2) IZh

We will use the following result later.

Lemma 5.2 Let Q be a bounded interval, and suppose u € Lo(Q2). Then
|1 Z5 Bull g ry < Ch™Hlull 1,0

where E is the extension operator satisfying (3.51).

Proof. We first note that the extension Eu of u satifies ||Eul,® <
Cllullz,(0). Now, from (5.13) and (4.32)

1Zr Bl < € A EDP (641,
jEAN

Ch™' > [ (Eu)?, (5.17)

jEAD

IN

o4



where C depends on k; and using Schwartz inequality on (5.14) with v = Fu,
and a scaling argument, we get

Uk (Eu))® < ;(/ﬁwy(x)Eu(x)dx>
1 h\2 2
< gl ], @l f, (B
< GloolE gl f (B2 dal (5.18)

J

Thus, from (5.17), (5.18), and the fact that ||Eul|,®) < C|lul|1,) we have
”i;;Eu”%Il(R) < Ch_2||u‘|%2(ﬂ)7
which is the desired result. O

Remark 5.5 We can also show that
||j;:EUHL2(R) < Cllull o0
using the same arguments as in the proof of Lemma 5.2.

Consider the function v(z) = >, 4 cMol'(z) on I]'.’. Then, using scaling,
J

translation, and (5.1), we have

Cih Y (ch)? g/ v de < Cah Y ()2, (5.19)

" Ik o AR
JEA] J JEA]

where C7, C5 are positive constants, independent of h and j, but may depend
on k. Using (5.19), we can show that if v(z) = Y, ., cl'¢l'(z) = 0 in Ly, then
ch =0, for alli € Z, i.e., {¢!} are linearly independent.

We will now prove certain lower bounds for | i gv? dz and | 7 gv'* dz, where

g(x) has been defined before. We first prove the following inequality.

Lemma 5.3 Let ig, i1 be integers such that iy < i1, and suppose {c¢; El:io are
real numbers. Then there exists a positive constant C', depending only on i1 — iy,

such that for any k, ig < k < iy, we have

’il Z‘171
Z 9@+§(Ci —)?<C Z 9¢+%(Ci+1 —ci)? (5.20)
i=ig i=ig

Proof. Suppose the integers ig,i; are such that H < igh < i1h, where H =
h?Y, v < 1. Then

i1 k—1 11
Yogiilci—a)® =) gpilei—a)+ Y gile—a)  (5.21)

i=ig i=ig i=k+1
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We first note that

i1
> gigle— )

i=k+1
il
< C YD giilen—g)
i=k+1 j=k
!
9i+L — gj4+1
= Cc >y > (1 + J) 9is1 (i1 — ) (5.22)
i=k+1j=k 9i+3
But from the definition of g(x) in (5.8), we have
(14 9i+i — 9j+%) < emali=ih < gali—io)h < ¢ (5.23)
941
and using this in (5.22), we get
i i1
S sla—ar < €30 o yen o)
i=k+1 i=k+1 j=Fk
i —1
< O gl ) (5.24)
j=k

where C' depends on (i; — ig).
Using similar arguments we can show that

k—1 k—1
Y gl —c)® < Clh—1—io) > gjpalcin—¢)?  (5.25)
i=1ig Jj=to

where C depends on (i1 — ip). Therefore, combining (5.21), (5.24), and (5.25)
we have

il il
Zgi+%(ci —c)? < ngj+%(cj+1 —¢;)?, (5.26)
i=ig i=ig

where C' depends on (i; — ig). Using similar arguments, we can prove (5.26) for
all integers g, 41 such that ig < 1. O

Lemma 5.4 Suppose v(z) =Y, ., clo?(x). Then

(a) there are positive constants Cq,Ca, independent of v, h and j, but may
depend on kK, such that

Cih Z gi(ch)? < /h gv?dz < Csh Z gi(ch% (5.27)
I

‘e AR e AR
zGAj J zeAj
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(b) there is a positive constant C, independent of v and h, such that

1 2
5 Z gi+%(cf+1 —ch? < C'/ gv'” dx. (5.28)
icmn R
Proof (a) Consider j € Z and the corresponding Ah such that, for ¢ € Ah
H < zh. Let gy = max;e 4 g(z") and g,, = min;¢ 4n g( ). Then, it is easy to
J
check that gM < C, where C’ depends . Now, using (5.19), we have

Ry g < ogubh Y (c})?
icAl icAl
< gm gv? dz
Cigm J1n
< C | gvde. (5.29)
I

J

Using a similar argument, we get

/ngdx < CZgi(ch)2
I

icAl
Combining the above with (5.29) gives the required result. Using similar argu-

ments, we can prove (5.27) for any j € Z. O
(b) Let uw = 3,5 ci¢i(x). Then from (5.14) and (5.15) with h = 1, we have

i+1
— [ vl . (5.30)
i—1
and therefore,

i+2
Ci+1 — C = / ’(/Jil+1 d.%’ - / ’(/J
i+2
= [ Gl - @)l de (5:31)
Let F(z) = [ [t (t) — ¢} (t)]dt. Using translation and (5.12), it is easily

seen that
/ 7/) dt / zbz+1 dt - ]-

and therefore, F/(i — 1) = F(i+2) = 0. Also, using the Schwartz inequality and
(5.11), we can show that
i+2
/ F?dzx < C.

i—1
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Now, using the above bound, integrating (5.31) by parts, and using the Schwartz
inequality, we get

(ciy1—ci)’ = z'+2F’d e h ?d 5.32
Cit1 —¢i)? = ( u' dr) < - u'” dx. (5.32)
K3 11—

i—1

Let v =3, , c'¢l(x). Then by a standard scaling argument, we have

al, i+1
[ w@ra =g [ ww? (53

N )
b —1

where u(y) = >, c?¢i(y). Therefore, from (5.32) and (5.33) we have

;“H <C/ (5.34)

From the definition of g(x), we can show that for = € (w?_l,xf+2),
(1+ g”léﬁi;)g(z)) < C. Therefore,

1 itz 9i+1—9
possia =2 < o[ Uartas T
h

g
$?+2 9
< C / gv’” dx,
xﬁa
and hence,

Zgz+ z+1 ?)2 CZ/ gv’ d93<0/91) dz,

zEZ €L

IN

which is the required result. [

Remark 5.6 We note that it is possible to show that
[ oo <05 3 ey (el = )
ZEZ"

and together with (5.28) we see that + >, ;. gH%(c?_H — c)? is equivalent to

v|%1 z,. The proof of this fact is easier than the proof of (5.28), and we do got
H'(R)
provide the proof here.

A perturbed bilinear form Bg(u,v) and related results:

For a given © > 1, we now consider the bilinear form

Bg(u, v) = B%(u,v) + OD%(u, v),
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where

BE(u,v) z/(u'v’—kuv) dr and D®(u,v) :/uvdx.
R R

We will write Be(u,v) = Bg(u,v), but will use B (u,v) when the domain of
integration is F instead of R. Also we will use D' (u,v), where R is replaced by
a domain F in the definition of D®(u,v).

Let H;,G) and Hgl,lﬂ be Hilbert spaces defined as

1
Hg,®

{u:|lulf 0 = / gu'* dz + (14 ©) / gu* dr < co};
R R

1
Hg”,@

{u: ||uHigfl,@ = /}Rgflu’2 dx + (1+ (9)/]Rg71u2 dx < oo}

We will choose © later. The choice of ©, along with the choices of v and «,
mentioned before, is important for the main result of this section. We assume
that %2 <1 where ®=1+0.

We will often suppress © in ||u||1 4,0 and ||ul|; 41 ¢ and instead write |lul|1 4
and ||ul|1,4-1 respectively. We will also use the fact that |¢'/g| < «, which is
obvious from the definition of g(z).

Remark 5.7 The space H, 91’9 is directed towards obtaining interior estimates
of €}, i.e., e}, is locally characterized through the use of the space H o.

We now consider Be(-,-) : Hy g x H) 1 o — R.
Lemma 5.5 The bilinear form Bg(-,-) is bounded on Hgl’6 X H;_%@, ie.,

Be(u,v) < Cllull1q

[v]|1,g-1,  for allu e Hgl’@, NS H;—17@.
Proof. Let u € Hgl’@ and v € Hgl,k@. Then
Be(u,v) = /[u’v’ + (1 + O)uv] dz
R
_ /[gl/Qu/gfl/2vl + (1 + @)1/291/2u(1 + @)1/2971/20] dr
R

< C[/Raw’2 + (14 ©)gu?) da 1/2[/]1%(9‘1@'2 +(1+©)g~10?) da] 2

= Clullgllvlly,g-r- O
Lemma 5.6 Suppose %2 < 1. Then there is a constant C' > 0, which depends
on %2, such that
B
inf sup o(u,v) >C >0.

wel o vem, | l[ulligllvll,g—
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Proof. Suppose u € Hgl’(_). We consider v = gu. Now,

Be(u,v) = /[u'v’—i—(:)uv] dx
R

/[u'(gu’ + g'u) + Ogu?] dx
R

/[gu'2 + Ogu?] dx + / wu'g’ dx. (5.35)
R R

Now, for € > 0,

|/uu’g'dx| = |/guu ) d|
R

a/ |9 2ug' | da
R

1
a[e/gu’de—l—f/qud:C],
R € Jr

Be(u,v) > /(gu’z—i—(:)guz)dx—a[ /gu dx—l—l/gu dx]
R

IN

IN

and, therefore from (5.35), we get

= (1-— ae) / g’ dx + ( / Ogu? dx. (5.36)
We choose € such that ae < 1 and & < 1, and therefore from (5.36), we have
Be(u,v) > Cillull 4, (5.37)
where
Cy = min[(1 — ae), (1 — —@)] > 0. (5.38)
€

We next show that |[v][y 41 < Cy||ul|1,4. First note that

/9_111/2 de = /g_l(gu’—i—g'u)de

R R

/gu’2 dfc—i—/g_lg’Qqux+2/g’uu’da;. (5.39)
R R R

Now,
/
/g‘lg’2u dw:/g(gf)qudeaQ/qu da, (5.40)
R 9 R
and
/
Q/g'uu’dx:2/g(g—)uu’dx < 2/|0¢g1/2ugl/2u’|da@
R R 9 R
< /(gu’2—|—o¢29u2) dx. (5.41)
R
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Therefore using (5.40) and (5.41) in (5.39), we get

202 [ -
/g_lv’de§2/gu'2 dm—l—i/@guz dx. (5.42)
R R 0 Jr

Thus, combining

(:)/gflvzcl:v:(:)/gflg%tzdfv:(:)/gu2 dz
R R R

with (5.42), we get
202 ~
||”||§ g1 = 2/ gu’z dx + (1 + i)/ Ogu® dx (5.43)
5 R @ R

Since %2 < 1, therefore, from (5.43) we have
V]I g1 < 3llull?,. (5.44)
Thus, v € H;_lﬂ, and combining (5.37) and (5.44) we get

inf sup Bo(u,v)

e >C >0
vely o vent,  lulligllvllg—

where
 min[(1 — ae), (1 — )]
C = 7 . O

We now prove the inf-sup condition on Sy x Sy. In the proof, we will use
the function d;(x),z € I} and i € Al to denote the following similar functions:

9irt —9(®) Giy1r — gy, 41

\/gi+% g(x) \/glﬁ% g(z)

where I, € AP, Tt is easily seen from the definition of g(z) that

9i — 9(55

Vi gz

)
5

|di(z)] < Cah (5.45)

Lemma 5.7 Suppose %2 < C1 and ah < Cy, where C1,Cy are sufficiently

small. Then there is a constant C > 0, independent of u, v, and h, but may
OL2

depend on k and %, such that for h small enough,
B
inf sup M >

>C>0. (5.46)
u€Sh e sy, ||u||179||’0

|1,5f1
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Proof. Let u=3",_, cl¢l in S}, such that [|ul|1,y < co. Then for z € I}, we
have u = Zz‘eA’,; choh. Since Zie% ot "(z)=0for z € Il, we have

=S el @) = Y (ol (2), well,

ic AR ic AR

where [, € AZ is a fixed integer for given k.
We now choose v = ZzEZ i 9iy 1 @" in Sy, and as before, for z € I},

Vie) = Y gl (@)

i€ AR
h h R’
= Z (c5 9ivl — ClkglkJr%)(bi €]
ic AR
/ /
= Z (C? - Cﬁ)gi—i-%(b? (z) + CZC Z (97:4-% - glk-i-%)(b? (@).
icAh i€Al

Now,

/ u'v' dx = / gu'* da + / u' (v — gu’) da. (5.47)
R R R

For € > 0, we have

1ol l 1/2 /(v/_gu/)
/Ru(v—gu)da: /Rg/uwdx

1 ! _ \2
< e/gu’2 dm+7/wdx. (5.48)
R € JR g

Now, from the definition of v’ and v/,

]. g7,+ /
|t —arae = [ 13-t
k

h
gt i€Al

Gitl —9u+L pro
T lk Z : gl/2 — ¢ ] d
zEAh

9; /
< o [ —d) el

k je AR

Jirl = Gi41
+O [ ()2 Y TR BT G2 gy (5.49)

1/2
h
T ic AR g

The first term of the RHS of the above inequality, employing (5.45) and (5.20),
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gives

I3 =) ol P s

koic AR

JIE e o)V S et P e

h
T ic AR

IA
Q
—
i\g
~
Q2
K
L
B
=
>
=

IA
Q
o
[V}
>
()
—
Q\-
(‘:
==
$
+
—
S

i€ Al
< COé2h2h Z (Ch clk) Giy 1
ic Al
1
< OOZZhQE Z (chr — C?)2gi+%a (5.50)

i,(i+1)eAl

where C' is independent of «, h, but depends on x.
The second term of the RHS of (5.49), employing (5.45), gives

9i+1 — 91, 4+L .1
)2 [ (X Tl

k ieAl
Jitl —9u+L e

= Clk glk+2/ Z (g : )1/2g 1?2¢ |7 dx

Iy zeAh bt 2

li

< cl,, glk+1 Z/ a7 (])?

i€ Al
< C’azh(cflk)lek, (5.51)

where C' depends on k, but is independent of «, h. Therefore, from (5.49),
(5.50), and (5.51) we have

1 1

b9 i,(i+1) €A}

+Ca2h(clhk)2glk.

Now summing the above inequality over k € Z, and using (5.27) and (5.28), we
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get

1 1
/RE(U’ —gu)de = Z/Ih g(v' —gu)? dx
k

kEZ

1 1
Caghzg Z Z (C§+1 - C?)QQH%

kEZ i (i+1)€ Al

+Ca?h Z Z (c?)Qgi

keZic Al

1
CO‘QhQE Z(C?-H - C?)ZQH-%
i€Z

+Ca? Z / gu® dx
I

keZ

< Caghz/gu'2dm+0a2/gu2 dx. (5.52)
R R

IN

IN

Then from (5.48) and (5.52) we have

/u’(v'—gu')dm < e/gu’2d;v
R R
1
+7[Ca2h2/gu’2 dx+Coz2/gu2 dx]
€ R R

Ca2h?
€

2
= (e+ )/gu/2dx+c—c—¥/@gu2 dz. (5.53)
R €© Jr

We next consider
(:)/ wodr = (:)/ gu® dz + @/ u(v — gu) dz. (5.54)
R R R
For €1 > 0, we have

/Ru(v — gu)dx

1/2, UV~ gu ‘
g’ u dx
[t

1 _ 2
< el/gu2dx+—/wdx. (5.55)
R €1 Jr g
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Now,

(v —gu)® r = 1 Ma: — a\ol? de
/Ih P dov = /z;;g[z i (9 — 9)9i1"d

k 'EAh,
_ 172 (9i = 9)
_/269’/ 1/21/2¢}dx
it ic Al
< C/ > (e )2g:d2 60 da
I i€ Al
< Ca’h’h Z (ch)2g;

Therefore using (5.27), we get

/R (v —ggW o= Y /1 h (v —ggu)2 i

keZ” 'k
< > Ca’h’h Y (ch)?
keZ icAh
< COéQhQ/qudSC. (5.56)
R
Thus from (5.55), (5.56), we have
Ca’h? _
@|/ (v — gu)dz| < (e + )/@gu2 dz, (5.57)
€1 R

and combining (5.47), (5.53), (5.54), and (5.57), we get

|Bo (u,v)| > /gu’de—l—@/gUde
R R

- / ' (v — gu') dx| — O] / u(v — gu) da|
R R

272
> (1_6_Ca h )/gu’zdx
€ R
272 2
+(1—¢€ — Calh” _ C—Of) Ogu? dx.
€1 €0 " Jr

Now we can choose € and ¢, for sufficiently small A, such that

| Bo(u,v)| > Cillull? (5.58)

2
where €7 > 0, since G << 1, ah <<'1 by assumption.
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We now show that [[v||; ;-1 < C||ul|1,4. From the definition of v, we have

—1,/2 _ -1 h __ _h h!
/I}?g vide = /I,@g [Z(Cz clk)gi+%¢i

i€AR
/
+ey > (Gips = G20 ) d
ic Al
gz—i—
< [IX@-d) S P
I ic AR
9ivl — 0,41
+ / D WWM. (5.59)
I ic Al g
Now,
g7,+ i
[ IS =)ol s
I i€Al
_ 1/2 b/ - 2 [ Jivg I\ 2
= [Z(Cz ) ol "‘Z (et Clk 9iv1 | 12 ¢ " dx
Ih h h g 191/2
ki€ A} i€ Al i+3
< C hg[Z(c —clk da:—!—C'/ Z ch —clk gl+ Ld? (ol ) dx
Ik -EAh eAh
< | gi?dx+C —)2g, 1 d2(9))? da. (5.60)
i w2

Also using (5.45) and (5.20), we have

Z(c clk gH_l/ d? (¢ dx<C'042h2 Z(cf—cﬁc)QgH%

icAl eAg
1
< COlthE Z (et — C?)Zgi-s-%- (5.61)
ii+1€Ah

Therefore, using (5.60), (5.61) and (5.51) in (5.59), we get

12
g W' dx
Iy

1
< C . gu’2 dzr + Cth(cl};)lek + Ca2h2ﬁ Z (céﬁrl - c?)QgH%
e u+1eA;;
2 2,2 h hy\2
< C’/Ihgu dx+0ahz gH—C’ahh Z (cH_l—ci)gH%
i€ Al ii+le Al
1
< C | gu*dx+ Ca? / gu? dz + Ca2hQE Z (chy— C?)QQH%.

h i
I Iy

iyi+1€ Al
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Now, summing the above inequality for all & and using (5.20), we get

/ “Wdr < C(1 +a2h2)/gu’2daj—|—0a2/gu2dm. (5.62)
R R

Again,
/g71v2da: = / Zc gidl)? dx—/( cl ?;2¢) dz. (5.63)
R i€z i€z ‘9
Now using (5.45), we get
Gi
/ ( h 1/2¢h)
L i€ Al "9
Gi
_ / ST g2t 4 3 o 11/2 SN2 dz
Tk i€ Al i€ Al
2
h _1/2 hy ) 2
< ZCQ ;') da:—|—C/ 1<1/2 ;/2) ¢; dx
Ah k eAh g g’L
< C gu2d3:+C’Z(th)2gi/ d?qS?de
I ic Al I
< C guzderC’thQhZ(ch)Zg

h
L icAl

< C | gutdx+Ca’h?C | gu’dx

h h
Ik Ik

< C(1+a2h2)/ gu? dx,

h
Ik

and therefore, from (5.63) and the above inequality,

-1,2 h Yi h
/Rg vidr < CZ/}LZC 1/2¢
kEZ Iy 'LEAh
< C(1+a*h?) Z/ gu? dx
kez
= C(1+a2h2)/gu2dx.
R
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Thus combining (5.62) and above inequality, we have

= /gilv’2dx+(:)/gflv2dz
R R

C’(1+a2h2)/gu'2dx+0a2/guzd:v
R R

ol 4-

IN

+C(1+a2h2)/@gu2 dx
R

< C(1+a2h2)/gu'2dx
R

—|—[%—|—C 1+ a?h?)] /@gu dx

< CL+on? + 5)||U||§,g < Collulli - (5.64)
Finally, combining (5.58) and (5.64) we get the desired result. O

Projection with respect to Be(u,v):

Suppose u € H;@ and let Pou be the projection of u onto S}, defined by
Bo(Pou,v) = Bo(u,v), forallveSy.

The projection Pgu exists (see [11]), and it is clear from Lemmas 5.7 and 5.5

that
Bo(u, v)

|Poull1,§ < C sup ol
1,g~

vESH

< Cllull1,g- (5.65)

We first note that for fixed h, «, and ©, the polynomials belong to the space
Hgl’@. Moreover, for fixed h,«, and ©, we can also show, using (5.27) and

Remark 5.6, that Z, (z*+1) € H, o, where Zn(z**1) is the interpolant of z*+1,
as defined in (4.35).
We now present some simple facts about polynomials and periodic functions.

Lemma 5.8 Let the shape functions {¢?}ieZ be reproducing of order k. Then

(a) Pox' =2, 0<i<k (5.66)
(b) PoIn(z"*') = Tp(a*Hh), (5.67)

where Tp,(x*11) is the interpolant of 2%t as defined in Section 4.

The proofs of these facts are immediate.

Lemma 5.9 Suppose [ € Hglye is periodic, i.e., f(x + at) = f(z) for all k.
Then Po f is also periodic.

_ Proof. Let f(z) = f(z +aP). Then [Pof](z) = [Pof](x + z}). Now f(z) =
f(z) since f is periodic, and thus from the uniqueness of the the projection Pg,
we have [Pg f](x + 21') = [Po f](z), i.e., Pof is periodic. O
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Remark 5.8 We note that if
v)=> cel(x)
i€Z

is a periodic function, i.e., v(z + 2!) = v(z) for any k, then v is a constant.
This could be shown as follows: Since v(z + z}) = v(x), we have

v(wtap) =Y ol e +a) = el @) = el (2),

i€Z i€Z i€Z

which implies that

Z[cﬁﬂrk — cMel(x) =0, forallzcR.
i€L

Using (5.19), we can show that {¢};cz are linearly independent in R. Thus we
infer from above that c?_HC = cl = O (constant), for all i € Z. Recalling that

{¢!}icz form a partition of unity, we get v(z) = CY, ., ¢l (z) =C
We now define
€011 (z) = 2Tt — Poaktl. (5.68)

f,?+1(x) and the next result will play a central role in the final result of this
section.

Lemma 5.10 Let &P (x) be as defined in (5.68) and consider &', (z) = xF 1 —
Sicn(@h)E Ll (z) as defined in (4.56). Then

0, (2) = &by (). (5.69)

Proof. We first note, from the definition of Z,z**!, that &, () = z**1 —
Zyz* 1. Now, using (5.67), we have

© k1
&y = " — Pex

— gkt 7jh$k+1 +jhxk+1 _ Pexkﬂ
&y — Polaht! — Tyah ]
= & — Polél ] (5.70)

But we know from Lemma 4.1 that f,’; 11() is periodic, and therefore from

Lemma 5.9 and Remark 5.8 we infer that Pg[¢} ] is a constant. Thus, from
(5.70), we get

k+1

! A
fl(?+1 (z) = fZH (),
which is the desired result. O

Proof of Theorem 5.1:
The proof will be given in several steps.
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1. Let E be the extension operator satisfying (3.51). Then, for ¢ € By =
By (0), we have

[uo —up](z) = [uo — Po(Euo) — { Eup — Po(Eun)} +{Pe(Euo) — Po(Eup)}|(x),

and therefore,

(uhy — un')(@) = {uo — Po(Buo)y (z) — 6y (x) + ph(x),  (5.71)

where
6h = Euh - P@(Euh); (572)
Ph = P@(EUO) - P@(Euh). (573)

Since ug = Eug in By (0), from Taylor’s Theorem we have

k() (k+1)
us (0) . w 0
BEug(x) :}} O: Oj!( ) 4 + &H()!)xk“ + Riy1(Bug)(x), (5.74)
iz

where Rj41(Fug)(x) is the remainder given by

Riy1(Euo)(z) = ﬁ /Oz(:c — ) (Bug) F 2 (¢) dt. (5.75)

Since Pg is a linear operator, we have

k u(j)(O) ) u(k+1)(0)
Po(Eug)(z) = Oj! Pox? + ((}f-f—l)! Pox™ 4+ Py Ry 1(Eug)(z). (5.76)

J=0

We know from (5.66) that Pox/ = 27,0 < j < k. Therefore, by first subtracting
(5.76) from (5.74), then differentiating the identity, and finally using (5.69), we
have

{Eug — Po(Euo)} (x)
_ u(()kﬂ)(o) k+l _ p_okt+ly R E / PoR E /
= W{x — Pox™ "} (z) + [Rpt1(Buo)] (z) — [Po Ri41(Euo)] (2)
ug ™t 0) o , ,
= W@fﬂ () + [Ri+1(Euo)]' () — [Po Ri+1(Euo)] (z)
(k1)
Ug (0) ’

= Wﬁgﬂ (2) + [Rry1(Euo)] (z) — [Po Ri11(Euo)] (x). (5.77)

Thus from (5.71), (5.77), and using ej,(z) = [ug — un)(x), we get for © € By,
u(k+1) (O)

€h/($) - hfgﬂl(l’)

= [Rrs1(Euo))'(2) = [PoRit1(BEuo)]' (x) = 0, + p- (5.78)
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2. From (5.75), we have

R (Buo)l (@) = [ (o =0 (Bun) 420

and since, [uo||yyx+2(p,, ) < C, we have for x € By,

/ [Rig1 (Bug)][2dz < / 9|[Ri+1(Buo))'|* dx
B Bapy
< C’H2k+2H\u0\Wk+2 ) (5.79)
Similarly, again from (5.75), we get
/ Riss (Buo)Pde < / 9| Ris1 (Buo)* do
By Bang
< CH*™™H|ug|? (5.80)

W& (Ban)”

3. It can be shown from the definition of g(z) that, for 0 < j < k + 1,

/ gr¥ dr = / e~ @@= ) 25 (o < CemH (5.81)
2H 2H

where C' depends on k 4 1. Now, from (5.65) we get
/ |[Po Ry41(Euo)]'|? da < ||Po Ry41(Euo)|f ; < Cl|Rk1(Euo)|7 4 (5.82)
By

We note that, from (5.74), we have

k uéj-i—l)(o)

(G +1)! @’

[Rit1(Euo)]' () = (Buo)’(x) —
7=0

Therefore, using (5.81) and the fact that

(oo} (oo}
/2H gl(Bug)'|? dz < e~ /2H |(Bug)'|? da < e_aH\Euoﬁql(R),

we have

/2 " ol R (Buo)) | de

2 ”*”<o> R
C/ 9l(BEug)’| dw+CZ gz~ dx
2H

<
< Ce “H{|Euo|H1(R)+0||uO||W§C+I(BQH)}
< Ce M {Jluolp oy + Clluolyisas,, 1 (5.83)
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where C' depends on k. Similarly, we can show that

2H
[ 9l[Ri+1(Buo)]'[* dz < Ce™*H {{luo[71 ) + C”UO”?;V;H(BQH)L

o0

which, together with (5.83) imply that

/]R - 9l[Ris1(Bug)]'|? dx < CefaH{HUOH%I(Q) + C”UO”?;V@Z(BQH)}' (5.84)

Using similar arguments, we can show that

/R . 9| Rit1(Buo)* d < Ce™ M {|uol|7, 0 + CH“OHivgjz(BQH)} (5.85)
2H
Now combining (5.79), (5.80), (5.82), (5.84), and (5.85) we get

[ PR (Buo)) e
B
< C||Rps1(Euo) |3,
:C/g|[Rk+1(Eu0)]/\2dx+C(:)/g|Rk+1(Eu0)|2dx
<O+ @HQ)H2k+2H|u0|WH2 Baz)
FO(1+0)e ol oy + Cllun s, ) (5:56)
4. We first note from (5.72), that
| e <16, = [1Eun - Po(BunR,. (5.87)
By
Let Po(Fup) = f;;Euh + &. Then £ € S,. Now from Lemma 5.5 and the

definition of Pg, we have for all v € Sy,

B@((‘:, ’U) = B@(P@ (Euh) - j;:Euh, 1})
= B@(Euh — f,*LEuh,v)
C||Eun — I} Eup|1.4|v

A

”179‘17

and hence from Lemma 5.6, we get

Be(E.,v ~
|E|ly < C sup M < C||Eup — I} Eupl|1,g-
vESh H ”1 gt
Thus,
|Bun — Po(Bun)llig < [|Bun — T Bunllig + 1€]1.6
< C’||Euh —I;;Euh||17g. (588)
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We now estimate the RHS of the above inequality. We first note that Euy(x) =
up(z) for x € Q. Consider Q C Q such that (see Remark 5.4)

Bog € and f,jEuh@ = Bup|q = unla.

Therefore, from Lemma 5.2 and using (5.5),

Ag[(Euh—fZEuh)']2dx = /Rﬂg[(Euh—f;{Euh)’]de

< e_aEHEuh'%{l(R) + |25 Bunlip )]

< Ce | Bunfip g + Bl n)

< ﬁefaHHUhH%l(Q)

< %e_aHHUOH%Il(Q)' (5.89)

Similarly, we can show using Remark 5.5 that
/]Rg[Euh — I Bup)? dx < Ce_O‘H||uo||%2(9)7
and thus combining it with (5.89), we get
o _.
| Bun =T Bl g < <5 uollinq)-
Now from (5.87), (5.88), and above, we get

, o .
/ 52 e < 2 e fug 3 . (5.90)
Bu
5. We first note from (5.73) that
2
[ o <l = [1Po(Bu) ~ Pe(Bun)|, (5:90
Bp(0)

Now using (5.4), we have for all v € S},

Be (pn,v)
= B@(P@EUO — P@Euh, )
= Beg(Fug — Eup,v)
= B%(Euy — Eup,v) + B*¥*(Eug — Eup,,v) + ©D®(Eug — Euy,v)
= BQ(uo — up,v) + BR_Q(EuO — Eup,v) + @DR(EuO — Bup,v)

= B %(Buy — Eup,v) + ©D**(Eug — Buy,v) + ©D%(FBug — Eup,,v)
= By (Buo — Bup,v) + ©D%(ug — up, v). (5.92)
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Also, for v € Sy,
Bg_Q(Euo — Eup,v)

/ [(BEug — Eup)'v' + O(Eug — Eup)v] dx
R—0Q

Cl|Euo — Euplll1,gr—alllvlll1,g-1,r-0
Cll|Buo — Buplll1,gr—a [[v]1,g-15

IN A

where
|||’UH|ig*1,R7Q = / g Ww?de+ 0 g~ ? du;
R—-Q R—Q
2
IBuo - BunlByza = [ 9(Buo— Bun)” da
.9, o

+6 g(Bug — Euyp,)? dz.
R—Q
From the definition of g(x), we can show that

[1Bug — Bun|l[f gr—q < e *"O|Euo - Bup| z_q)

IN

Ce™*M0llug — up||F ()
Ce= MO ||uol|7 o -

Now using the definition of g(z) and (5.6) with R = 2H, we get

/ glug — uh)2 dx
Q

IA

Q—Baog

IN

l[uo — Uh||2L2(132H) + e Mlug — Uh”%Q(Q)

CR*M2 H[uo|[Fpusr 0y + ™ uollFy ()

IN

and therefore,

(S)

[v]]1,g-2

©
= W}”“A(UO —Uh)'Ud.’L'
597

o 1/2 1/2
—_— (/ g(ug — up)? dx) (/ g tv? dm)
[oll1,g-1 \Ja Q

1 1 1
©2 Ch* ™ H ||ug|| gres1 ) + ©2e /2| || g1 ().

D% (up — up,v)

IN

(5.93)

(5.94)

/ glug — uh)2 dx + / g(ug — uh)2 dx
Baog

(5.95)

Now, from the inf-sup condition (5.46) and using (5.92) and (5.93), we have

Be(pn,v
Ionly < Csup S0L280)
vESH ”U”l,g*1

< Cl[|[Eug — Eugl||1,9r-0 + sup D% (ug — up, v),

vESH ’U”l,g*1
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and thus, using (5.91), (5.94) and (5.95), we have

/ gl < |
By

< e8] luglf3p o) + CORF 2 Hljug i o). (5.96)

6. We first note from (5.69) that §,?+1/(x) = £Z+1I(m) where &}, is defined

1
n (4.36). Let T'(up) = Tl)(()) Then from (5.78), we have

en' () — T(Uo)fﬁﬂl(x)
= [Ri+1(Buo)]'(x) — [Po Rics1 (Buo)l' () — 8 + ph,

and therefore, from (5.79), (5.86), (5.90), and (5.96), we have

/BH (eh/ - T(“O)fzﬂlf dx

< C I[Ret1(Eug)) |>dx + C |[Po Ri1(Eug)| |* dx
BH BH
+C 852 dx + C s dx
BH BH
< CH™2Hlugllira g, )+ C(L+ OH) H* 2 Hlug[fvva .
+C(1+ 8 {JluglZ gy + Cluo 2 4 O ety 2
ollF1 (@) otz T 2 ollF1 (@)
+Ce™ 0| |ug | F1 () + COR* 2 H |Jug|| a1 0
< C[H*"TH+ (1+6H*)H**H 4+ (1+0)e *H
e .,
+35¢ A4 on**+2H] M(up), (5.97)
where

M (uo) = uol2pes oy + 025 5,

We will now choose «a, ©, and H, where H = h” and v < 1. First we choose
~ such that

HF2 = phtl (5.98)
which implies that
k42— ke
or,y(k+2) = k+1
E+1
or,y = Fr2 <1

Let € > 0, which depends on +, be such that e =1 —~v — € > 0. We will now
choose « such that

eiaH < h2k+2h2h27+2eH _ h2k+4+37+25. (5_99)
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This implies that
a>Ci(Inh Ha,

where C, = 2k 4+ 4 + 3y + 2¢. Since h=¢ > Inh~! for small h, we take
a=C h~ 0t (5.100)
‘We now choose B
0 = (C)?h 2019 ¢y > 0. (5.101)

We note from (5.100) that ah = C1h!=77¢ = C1h" < 1 for small h, and
limp,_.gah = 0. Thus ah can be made sufficiently small; this was one of the
assumptions in Lemma 5.7. Also by choosing Cs large enough in (5.101), we

can make %2 = (C1/C2)* << 1, i.e., sufficiently small, which was another

assumption in Lemma 5.7. Thus the conclusion of Lemma 5.7 is true for the
choices of @ and © given in (5.100) and (5.101), respectively.
Now, for these choices of 7, a, and ©, we have

éh2k+2 — (:)h2(’y+e) h2kh2(1—’y—6) — 022h2k+25* ) (5102)
Using (5.98) and (5.102) we have
OH’H?? = OH " = en*? = Cin*h+ae, (5.103)

Also from (5.99), we get

Oc o < pHigep®rtic < CIn2TIH, (5.104)
and
%e*O‘H < WERP2HOR?T2 = o2kt (5.105)

Thus, using (5.98),(5.102)—(5.105) in (5.97), we get
len’ = T(uo)efsr | Lagmay < CHF HY2M (ug)?, (5.106)
and hence using (5.7) with p = H, we have

A
len” — T (uo)&p sy s

Bu) < cne
len'll L, (Ba) -

where M(UO)%/||UO||HI€+1(Q) < C, which is the desired result. O
Remark 5.9 The balancing of various terms in item no. 6 of the proof of The-

orem 5.1 is similar to balancing used in the superconvergence of FEM solution
(see [19].
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Remark 5.10 Assuming that our superconvergence result is valid in L, i.e.,
assuming that for x € By, there exists €* > 0, such that

() = Ao g (7) + O(H),

we see that the zeros of €k+1/(%) are the superconvergence points. In Figure
5.1,

0.6 For RKP shape function, p=1 e

0.4)- Conical w(x) with I=2, R=1.8 L

—08f ~” For FE "tent" shape function
p

Figure 5.1: The plot of &'(y), 0 < y < 1 for (a) RKP shape functions,
reproducing of order k£ = 1, corresponding to the conical weight function
with [ =2, R=1.8 (b) standard “tent” functions used in FEM.

we have presented the plot of &1’ (y) for the RKP shape functions, reproducing
of order k = 1, with respect to the weight function w(z) given by (4.4) with { = 2
in 1-d. We have also included the plot of &1’ (y), k = 1 (the dashed curve) for
the standard tent functions that are used as shape in FEM. We note that &' (y)
for the tent function has only one zero, where as &' (y) has 5 zeros. Thus the
superconvergence points, for the RKP shape function could be distributed quite
differently than the corresponding points for standard tent functions in FEM.

6 The Generalized Finite Element Method

The idea of the Generalized Finite Element Method (GFEM) was first intro-
duced in [16] to address elliptic problems with rough coefficients. This idea was
later extended, and called the Partition of Unity Method (PUM) in [17] and
[62]. In the current literature, PUM is referred to as GFEM ([82],[83]). In this
section, we will first describe the GFEM and present the relevant approxima-
tion results. We will then discuss the selection of an optimal or near optimal
approximating space, to be used in the GFEM, in certain situations.
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6.1 Description of GFEM and Related Approximation
Results

In this section we will discuss the GFEM in the context of general particle-shape
function systems, which were discussed in Section 3.3. Suppose ug is the solution
of our model problem (2.1), (2.2) (or (2.3)). We consider a family {M"},cn of
particle shape function systems satisfying assumptions A1-A7 with &£ = 0 and
AY = I; assumption A5 then reads

Z ¢y(r) =1, forall z € R". (6.1)
zEXV

The partition of unity (6.1) is the starting point of GFEM. We will need addi-
tional assumptions on {M"},cn, namely,

|l oo mmy < C1 (6.2)
and c
2
N1 oo mny < ———— .
IVl Lo ®ny < Tam(p)’ (6.3)

for all z € X¥, and all v € N. In (6.3), we implicitly assume that ¢ > n/2. We
also assume that there is a constant C' such that

diam(n;) < C, for all x € X” and for all v.

For each z € X", we assume that we have a finite dimensional space V
of functions that has good approximation properties. We refer to V" as local
approximating spaces. We define a set of particles Ag, namely,

AG ={z e XV :qy NQ # 0}, (6.4)

for each v € N. From (6.1) we have

Z ¢y(r) =1, forall z € Q. (6.5)

TEAY

For an approximating space on {2, we then consider

VY={o], o= ¢4y, where ¥ €V}, (6.6)

€AY

The GFEM is the Galerkin method (2.7) with B = B and S = V¥, and
we will denote the approximate solution ug, obtained from GFEM, by ugrgas-
When GFEM is used to approximate the solution ug of the Neumann problem,
V¥ can be any finite dimensional subspace of H'(17%). But, when GFEM is used
to approximate the solution ug of the Dirichlet problem, with the boundary
condition (2.3), the functions in V} are required to satisfy v|sznoq = 0, for
particles z for which |1¥ N Q| > 0. Thus the approximating space V¥ C H}(Q).

Our next theorem states an approximation result for V. We will follow the
ideas presented in [15, 16, 17, 62, 82, 83].
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Theorem 6.1 Suppose u € H'(Q) and suppose, for all z € AY, there exists
Yy € VY such that

||U_¢z||L2(n£mQ) < el(z), (6.7)
IV(u = Y2)llomzne) < elz). 6.8
Then the function
uap = Y Gy VY (6.9)
TEAY
satisfies
1/2 2 1/2
lu=taplinaey < &72C1( Y @) (6.10)
TEAY
and
C 9 1/2
_ 1/2 2 )22
19— ) e < (26)( > (Gampg) 4@+ Ol ) 1)
xz Q =

Proof. We will prove only (6.11), since (6.10) can be proved similarly.
Since ¢y, for z € Ag, form a partition of unity for Q (see (6.5)), we have

IV (u = tap) I3, ()
=V > oh(u—va)l7, 0

€AY
<20 Y (w=v) Vel + 2l Y iV (u— )|, @) (6-12)
TEAY TEAY

For any z € Q, the sums EKASVZ (u— 1) Ve, and EQGA;’Z YV (u — 1)) have at
most # non-zero terms (see Remark 3.4 and (3.61)). Therefore,

| Y (=) Ve <k D [(u— ) Vi,

zEAY, TEAG

and

) V=) <k D [6hV(u— )l

TEAY €AY
Hence, from (6.12), (6.7), (6.8), recalling that supp(¢}) = 7./, we have

IV (u = wap) I, ()
<26 Y (=) Vohli, @ +26 Y 165V (u— )7,

€AY TEAY
=2k Z [ (w— %)V%HQLQ(QW;) + 2k Z ||¢;V(u - 7/@)”%2(5%17;;;)
zEAY, B z€AY, B
2
<2 ( € )
“; dlam T(z) + Cie(x)
TCAG
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which is the desired result. [

Remark 6.1 We note that €;(z), e2(z) in (6.7), (6.8) depend on the parameter
v.

We will now show that both the terms of the estimate (6.11) are of the same
order with additional assumptions on V¥. These additional assumptions depend
on the boundary conditions of the approximated function.

Theorem 6.2 Suppose ug € H() is the solution of the Neumann problem
(2.1), (2.2), and suppose there exists ¥y € V', x € Ag, such that (6.7) and
(6.8) are satisfied. Moreover, assume that for x € A}, the space Vi contains

constant functions and that
it [0 = Muorzemy < C (diom(n)) Vol ,ozna),  for all v e H (N 9),

~ (6.13)
where C'is independent of x € XV and v. Then there exists ¢y € V' so that
the corresponding function,

lap= Y $Wby €V,
TEAY

satisfies

~ 1/2
luo = daplliro) < C(( Y d@) " (6.14)

&EAQ

where C' is independent of ug and v.

Proof. Let v, € VY, z € Af), satisty (6.7) and (6.8). Define 1/3; =y + 1y,
where rz € R satisfies

luo = Py l| amzney = inf Jluo —¥% = Allzamzney- (6.15)

Since V;” contains constant functions, it is clear that 15& € V. Also, from (6.15),
(6.13) with v = ug — 1y, and (6.8), we have

IA

C diam(nY) |V (u — Qﬁz)HLz(n;ﬂQ)

< C diam(nY) ea(z). (6.16)

flu— 7vZ@HLz(ngﬂﬂ)

Let tigp = ZweAs“l (béi[@ Recall that ¢7, x € Ag, is a partition of unity for
Q. Then, following the arguments in the proof of Theorem 6.1 and using (3.61),
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(6.2), we can show that

lu = tapll7, ) = |l Z A% (u— 1) 1%,

ze Al

< w Y b — D)7
ZEAY

= K Z H¢ % HLZ(Qﬂn v)
z€Al

< O Y =92l 0 (6.17)
zeAh

and using (6.16) in this inequality, we get

le = iapll7, () < C Y (diam(n}))’e3 (). (6.18)

z€ Al

Again, following the arguments in the proof of Theorem (6.1), and using (6.2),
(6.3), we can show that

HV(U—ﬁap)H%Z(Q
<26 ) =)V L 0rmy + 26 D 162V (u =D)L, 0nmy)

IGA” IGAV
1 T2
<C Zh m” wg‘le(Qﬂné)
Z€AG
+C Z [V (u—12 ||L2(Qr177 vy (6.19)
£GA}L

By first noting that V(u — 1[)2) = V(u—1y), and then using (6.16) and (6.8) in
the above inequality, we get

[V (u = tap ||L2 @ = <C Z ez (6.20)
TEAY
Combining this with (6.18) we get (6.14), where we used that diam(n%) < C for
all z € X¥ and for all v. O B

Theorem 6.3 Suppose ug € H(Q) is the solution of the Dirichlet problem
(2.1), (2.3), and suppose V, x € A{), satisfy the following assumptions:

(a) For all x € A} such that n% N 9Q = 0, Vi contains constant functions,
and (6.7), (6. 8), and (6.13) hold.

(b) Forallz € AY such that [nzNdQ| > 0, functions v € VY satisfy v

0, and there is a constant C, independent of x and v, such that

[0l Lotyng) < C (diam(ng)) [Vl Lymyne) (6.21)

et
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Jor allv e H'(n% N Q) satisfying v =0 on Q. Moreover (6.7) and (6.8)

e 0.

hold for u satisfying u
Then there exists zﬂg €V, so that the corresponding function,
fLap = Z d);q/}g S VV7
TEAY

satisfies
) 1/2
o = apllir oy < €3 S@) ", (6.22)
ze Al

where C' is independent of ug and v.
Proof. We first divide the set A!, into two disjoint sets, namely,

Gr = {z€Aq:n;NnoQ =10}, and
bp = {zedg:nlnoQ+#0}.

Let vy € VY, z € AQ, satisfy (6.7) and (6.8). Define z/;i for z € Af
as in the proof of Theorem 6.2. We know from assumption (a) that, for z €
Ag 1> (6.13) holds and V7 contains constant functions. Therefore following the

argument leading to (6. 16) in Theorem 6.2, we get
[uo = Pl o mzney < Cdiam(ny) ex(z), € Ay ;. (6.23)

For z € Ag p, we set ¢y = ¢y, Now, ug

wroa =0 and from assumption (b),

we know that 1| =0 for x € A% . Thus, using (6.21), with v = ug — 1y,

nyNON
and (6.8), we have

flu — ¢£‘|L2(n;m§z)
Cdiam(n;) e2(x), z € AG p. (6.24)

l|uo — ¢£||L2(n;rm)

A

Following the same steps leading to (6.17) in the proof of Theorem 6.2, and
using (6.23) and (6.24), we get

||U0—uap\|%2(sz) < C Z ||u0_1/~’§||%2(n£mﬂ)
TEAY
= C Z [[uo _7;;”%2(77;09) +C Z [[uo _7;£||i2(n;mﬂ)
TEAG a ZEAG B
< ¢ (diam(n)))e(a). (6.25)
€AY

Similarly, following the steps leading to (6.20) in the proof of Theorem 6.2, we
get

IV (u— tap) 7@ < C D Gz (6.26)

€AY
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and combining this with (6.25), we get (6.22), where we used the assumption
that diam(ng) < C for all z € XV and for all v. O

Remark 6.2 It is clear from (6.14) and (2.8) that if ug is the solution of (2.1),
(2.2), then

1/2
[uwo — ucreMm|m(0) < C( > 6%(2)) ;

rzeEXV

provided the local approximation spaces V! contain constant functions, and
(6.13) holds. The above estimate is also true if ug is the solution of (2.1), (2.3)
provided conditions (a) and (b) of Theorem 6.3 are satisfied. We note that in the
later case, i.e., when wug satisfies the Dirichlet boundary condition, ug|sq = 0,
the space V', corresponding to a particle x such that 7% intersects 952, does not
need to include constant functions, but the functions in V' have to satisfy the
Dirichlet boundary condition on 1% N 0€2. B

Remark 6.3 The conditions (a), (b) in Theorem 6.3, and (6.13) are known as
the uniform Poincaré property. These conditions put restrictions on the shapes
of the n%’s. For a detailed discussion on this property, see [17].

Remark 6.4 The constant Cy in (6.3) is related to the ratio of the radius of
the largest ball contained in n¥ to the radius of the smallest ball that contains
nY. A similar condition is also assumed in the classical FEM. If this ratio is
uniformly bounded for all z € AY, for all v, then (6.13) holds.

Remark 6.5 In practical computations, one can easily construct particle-shape
function systems (with & = 0), such that conditions (6.2), (6.3), (6.13), and
conditions (a), (b) of Theorem 6.3 are satisfied.

Remark 6.6 We observed that a partition of unity is the staring point for
the construction of approximating space for GFEM. It is important to empha-
size that construction of partition unity for £ = 0 is simple, e.g., it could be
constructed by Shepard’s approach as discussed in Section 4.

Remark 6.7 We have assumed that our particle-shape function system satis-
fies A1-A7 with k = 0 (i.e., it reproduces polynomials of degree 0), and have
seen that the quality of the approximation in Theorems 6.1-6.3 depends entirely
on the approximability properties of the spaces VY, as quantified by €;(z) and
€2(z). If we used a particle-shape function system that reproduced polynomials
of degree 1 (k = 1), then the space V” defined in 6.6 would be enlarged, and
its approximability would be improved, possibility only marginally, but this im-
provement would not be directly visible from (6.11) (or (6.14) or (6.18)). Note
that Theorems 6.1-6.3 are directed toward the use of nonpolynomial approxi-
mating functions, where the rate of convergence cannot be easily defined.

To clarify this point, suppose for ¢% we use the usual FE hat functions of
degree 1, and VY is the space of constants. Then the GFEM is the classical
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FEM, with the usual rate of convergence of O(h). However, (6.11) (or (6.14) or
(6.18)) does not establish this rate. As a second example, let V) be the space
of linear polynomials. Then the GFEM is a FE method, but not a usual one.
The method has the rate of convergence O(h?), but (6.11) (or (6.14) or (6.18))
only establishes O(h).

More generally, if {¢%} reproduces polynomials of degree r, then the func-
tions ¢¥¥, which are used in V¥, reproduce polynomials on degree k + r. This
observation allows one too establish the higher rate of convergence noted in the
previous paragraph. This will be done in a forthcoming paper.

The estimates in Theorems 6.2 and 6.3 are quite general, and allow us to
employ available information on the approximated function u. Convergence of
the approximation can be obtained by considering v; € N, i = 1,2,..., such
that h*i N\ 0, where h” is defined in (3.80). This is reminiscent of the h-version
of FEM. Convergence of the approximation can also be attained by keeping v
fixed, and selecting a sequence of spaces V!, i = 1,2,..., so that they are
complete in H!(1%) or in a space W(1%) C H'(17%) that is known to include the
approximated function up. This is a generalization of the p-version of FEM.

6.2 Selection of Vz; and “Handbook” Problems

We saw in Section 6.1 that it is important to select spaces V) with good local
approximation properties. Principles for selecting shape functions that take ad-
vantage of available information on the approximated function were formulated
in [14, 12]. We will use these ideas to discuss the selection of the space VY. In
this section we will suppress v in our notation. B

Let Hy(n,) and Ha(n,) be two Hilbert spaces, and suppose Ha (1) C Hy(1y)-
Then

d,(Ho, Hy) = inf sup  inf ||u — x|/ =,
XESn

SnCH1  yeH,
dim S,,=n “UHH2 <1

is called the n-width of Hs-unit ball in H;. Let Vén) be an n-dimensional
subspace of Hy, and let

\I’(Vm(n)’H27H1) = sup inf Ju—xl|lm-
- u€Hy eV, )
llullm, <1

U(VA™ | H,, Hy) is called the sup-inf. We will write U(VA™) for U(Vi™, Hy, Hy)
if there is no confusion about the spaces H; and Hs. It is clear that
do(Hy, Hy) = inf  W(V™, Hy, Hy).
Vz(n)CHl -
dim V™ =n

If an n-dimensional subspace VA" satisfies

UV, Hy, Hy) < Cdy(Ha, Hy),
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where C' > 1 is a constant, independent of n, then we will refer to OVx(n) as
a nearly optimal subspace relative to H; and Hs. An n-dimensional sul;space
OVQ(") that satisfies

UV Hy, H,) = d,,(Ha, Hy),

is referred to as optimal subspace relative to H; and Hy. An optimal subspace
OVQ(H) leads to the minimal error that can be achieved with an n-dimensional
space, namely, d,(H2, H1); a nearly optimal subspace leads to essentially the
same error, d,,(Ha, Hy).

Suppose we are interested in using the GFEM to approximate the solution
ug of the Dirichlet problem,

AUO =0 in Q,
up =g, on 0L,

where  is a bounded domain in R2. Then, for each z € X¥, we seek a finite
dimensional space V, that contains a good approximation 9, to ug on 1, (cf.
(6.7), (6.8)). This will be done by taking advantage of the available information

on g namely that ug ’n g 18 harmonic. We now illustrate this procedure.

NN’

We now suppose that 7, is a disk in R? and, for the sake of simplicity, suppose
7z is the unit disk. Let Hy = {u € H'(%,) : u is harmonic in 7, }. For the space
Hj, we use W(1,), a (regularity) space known to contain ug. More precisely,
we suppose W(7,) is a linear manifold in {u € H'(7,) : u is harmonic} and
suppose |||u]|| is a norm on W(7,) that is rotationally invariant and satisfies
lull g1,y < Il|ull], for all u € W(5,). Moreover, we assume W(1) is complete
with respect to ||| - II], é-e., W), Il - |} is a Hilbert space. We note that
W(7jz) could be any higher order (isotropic) Sobolev space.

It is well known that any u € H; is characterized by its trace on the boundary
I = Ong; these traces will be in

S = {u(f):0 <6 <2m, uis 27 periodic,u € H*(I)}.

Any u € S can be expanded in its Fourier series

u(f) = aog + Z(ak cos kB + by, sin k0). (6.27)
k=1

It is immediate that
o
|u‘H1/2 = Qy +Z a’k+b2
k=1

where |u|g1/2(p) is a Sobolev norm of order 1/2 on I. So we have a one-to-one
correspondence between u(r, §) € Hy ((r,0) are polar coordinates) and u() € S,
which we express by writing u(r, 8) ~ u(0). We easily find that

oo
ullFr o,y = [ulFrey = ag+ D (a5 +b3)5. (6.28)
j=1
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Thus we identify the space H; with H'/2(I).
Since |||u]|| is rotationally invariant, the corresponding norm on () will be
translation invariant, and we thus can show that

ull® = Z a; +b3)j0;, (6.29)

where, since ||ul|g1(4,) < [|[ull], we have 3; > 1. If we now define
HP(I)={u€S:|ulg < oo},

where

Julf = ag + > (af + b)kBy, (6.30)
k=1

then we see that u(r,6) € Hs if and only if u(9) € HP(I) and |||ul|| = |u|g. We
thus identify the space Hy with H?(I).

We will now find an optimal subspace OVl(n) relative to H; and Hs. We will
exploit the correspondence u(r, 6) ~ u(f), and find OVQn) by first identifying an
optimal subspace relative to H; = HY?(I) and Hy = HP(I).

Let M,, = {m1, ma,...,m,} be a set of n positive integers, and consider
VMo = {4 e HY*(I) 1 u=ao + Z (aj cos k6 + by sin k) }. (6.31)
keMy,

Clearly, VM~ is a (2n + 1)-dimensional space.

Lemma 6.1 Let H, = HY?(I), Hy = H?(I), where 3 = (B1,5B2,-+), PBr > 1,
and let VM be as defined in (6.31). Then

WV Hyy Hy) = (y(V)) 73, (6.32)
where
VM) = inf B
(V) = érjlw Bi
Proof. Consider u € Hy given by
U= ag+ Z(ak cos kf + by sin k).
k=1

Then from (6.31), we get

i el = Y (e
keEN—M,,
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where N is the set of all positive integers. Therefore from (6.30) and the defi-
nition of (VM=) we have

i lu— X|12L’11 _ > ken—nr, (@i + bRk
xevim - |uly, ag + X pen(ai + 07)kBr
Dren—n, (af +07)k
T Ykenvoa, (@i bRk
< 1
= (VM)
Thus,
lu—x|% 1
sup inf L < . (6.33)
wett, X€VMn |uly Y (VM)
Let € > 0 be arbitrary. Then there is an mg ¢ M,,, mo > 1, such that
By < (VM) 4e. (6.34)

Consider u,,, = cosmgf. Clearly, u,,, ¢ VM and therefore from (6.27),

: 2 2 _
Xelggwn |um0 - XlHl - |umo|H1 = mp.

Also, from (6.30), we have |um0|i—12 = MoPm,. Therefore, using (6.34), we get

lu— x|% [Umo — X1% 1 1
sup inf ———+> inf ——— = >
UGHQ XEVMn |u|%2 XEVHn |’U,m0 %Ig ﬂmg ’Y(VM") +e

From this estimate and (6.33), we have

—————— < sup inf < .
TV e S aemnevin July, - AV

Since € is arbitrary, we get (6.32). O

Lemma 6.2 Let Hy = HY?(I) and Hy = HP(I), where 8 = (81, B2, - ), B >
1. Then

dQH(HQaHl) = (’Y:L)_%v
where
vy = sup inf ;.

mi,ms,...,Mn My,

The proof of this theorem follows immediately from Lemma 6.1.
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Theorem 6.4 Suppose Hy = {u € H'(%,) : u is harmonic} and Hy = W(,)
with the norm |||ul||g = |u|g, given in (6.30), with 3; > 1. Suppose in addition
that the sequence (3; is non-decreasing. Then the space

OV&(2H+1) — Span{’r‘j (o)) j97 Tj Sinja}?:()

i.e., the span of first (2n 4+ 1) harmonic polynomials is optimal relative to Hy
and any Hoy (i.e., any of the spaces Hy we are considering).

Proof. Using the correspondence u(r, 0) ~ u(f), we can study the optimality
of a finite dimensional subspace relative to H; and Hs, by studying the opti-
mality of a subspace relative to H, and H,. The result follows directly from
Lemma 6.2. [

Remark 6.8 Obviously the condition on 3 in Theorem 6.4 holds for any (iotropic)
Sobolev space.

Remark 6.9 Let us return to the solution of the Dirichelet problem mentioned
above. Suppose 7, is far from the boundary of 2. Then on 7,, the character
of the solution ug is approximately the same in any direction. Thus it is ap-
propriate to embed ug in a space with a rotationally invariant norm—a usual
(isotropic) Sobolev space, e.g. And we have learned that on 7,, uo is well
approximated by harmonic polynomials. The situation is, however, somewhat
different when 7, is near the bounday. Then uy would be strongly influenced by
the boundary values g(x). Hence some other shape functions, constructed, e.g.,
by the Handbook approach, which themselves reflected these boundary values,
would be “best”.

Thus the optimal shape functions are the solution of the Laplace equation.
This approach could be also be used for other differential equation, e.g., —Au+
ku = 0, or when n, N Q = By — By where B, is the ball of diameter p and
homogeneous normal boundary conditions are prescribed on 9f).

In this section, we saw an example of choosing an optimal local approxi-
mating space V,, which turned out to be the span of first (2n + 1) harmonic
polynomials. In other problems, different local approximating spaces, consisting
of optimal or near optimal approximating functions, are recommended. These
optimal or near optimal approximating functions are solutions of other bound-
ary value problems (posed on 1, N ). Such locally posed problems are called
Handbook Problems, and their solutions, which may be available analytically
or computed numerically, are called Handbook Functions. This nomenclature
is reminiscent of the solved problems and their solutions (via formulae, tables
etc.) which are used in engineering ([86]). This idea is also used in commercial
codes ([86, 85]).

One of the main advantages of GFEM is that only simple meshes are used,
which need not reflect the boundary, e.g., uniform finite element meshes. Also,
in each 7, one can use a space V,, of arbitrary dimension (depending on z). V,
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could be space of polynomials or any other space of functions depending on the
local properties of the approximated function.

Choosing V, to be the space of polynomials of low degree p (and using {¢,}
that are reproducing of order k), we obtain the h-version of FEM. All other
classical versions of FEM—the p and h-p versions— are special cases of GFEM.
Some examples of the use of this method will be discussed in Section 9.

7 Solutions of Elliptic Boundary Value Problem

In this section, we will discuss the approximate solution of the model problem
(2.1)-(2.2) (or (2.3)), introduced in Section 2, by a meshless method. We will
address the the Neumann boundary condition (2.2) and the Dirichlet boundary
condition (2.3) separately. These problems have the variational formulation
(2.4).

For 0 < h <1, we consider a family of particle-shape function systems

{Mh}0<h§1 = {Xh7 {h27 wza ¢2}£€Xh}0<h§17

satisfying the assumptions A1-A7 in Section 3.3 and (3.64). Recall that (3.64)
is trivially satisfied if the shape functions are reproducing of order k. The family
{M"}oon<1 was introduced in Section 3.3; recall that

sup A" < h.
xeXh

We will be interested in assessing the approximation error as i\, 0.
Let ug be the solution of (2.4), where € is a bounded domain with Lip-
schitz continuous boundary. Sometimes in this section, we will assume that

the boundary of €2 is smooth. We will use the space Vg’i, defined in (3.86),

to approximate ug. It was shown in Theorem 3.11 that Vg’i is (k+1,q) reg-

ular. Moreover, V@’f% satisfies the local assumption LA. Recall that & is the
order of the quasi-reproducing shape functions considered in {M"} and ¢ is the

smoothness index of these shape functions. The parameters k and ¢ are in the
assumptions A1-A7 and we assume that ¢ < k 4+ 1. We also recall that V?ﬁl

does not involve all the particles in X”. It only involves particles in the set
Ay ={ze X" :nhnQ#0}. (7.1)

Various classes of shape functions can be used for ¢” in the system {M"}.
In Section 4, one such class of shape functions, namely RKP shape functions,
were discussed, and references related to other classes of shape functions used
in practice were provided.

We note that it is possible to construct particle-shape function system M",
satisfying A1-A7, such that the set of particles X" C €, and the corresponding
Vg'z have desired approximation properties. We do not consider such Vg”% in
this section, and we will further remark on this issue in the next subsection.
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Let ug = up € Vg’?h be the approximate solution defined by (2.7) with

S = Vg’fﬂl. Since Vé’z is (k + 1, g)-regular, we note that Vg’i C H=H'(Q)
provided ¢ > 1. Thus uy, is the solution of

k
up € VQ’qh

7.2
B(ug,v) = / fvdx, forallve Vgﬁl, (72)
Q

where the bilinear form B is either B, given in (2.5), or a perturbation of B.
Clearly, uy is the solution of a Galerkin method. This Galerkin method is
a meshless method since the construction of the test and the trial space, i.e.,
Vg”z, does not require a mesh. As we remarked in Section 1, avoiding mesh
geﬂeration is one of the main features and advantages of meshless methods.

In this section, we will consider uj;, as an approximation of ug and primarily
study the error uy — up. We set some notations that will be used in this study
in the following sections. We define
Er=phnoq, =z Al (7.3)

and
Abo ={z € Aq : E} # 0}. (7.4)

Thus AL, is the set of particles {z} such that 7 has non-empty intersection
with 9. -

7.1 A Meshless Method for Neumann Boundary Condi-
tion

In this section, we will address the approximation of solution ug of (2.1) and
(2.2) by the meshless method. The analysis presented here is based on the ideas
and results in [5, 11]. Also see the references listed in these articles.

The solution ug of (2.1), (2.2) can be variationally characterized by (2.4),

which is
Ug € Hl(Q)

B(ug,v) = /va dz, for allv e H(Q). (7:5)

We wish to approximate ug by wp, the solution of (7.2) with B = B. For an
error estimate, from (2.8) we have

[uo — unllmr(@) < inf luo — xllm1(0)-
Vah

Suppose ug € H'(Q2). Then, since Vg’% is (k + 1, q)-regular and ¢ > 1, we have
[uo — unllmr (@) < Ch*|[uol| (o),

where g = min(k,! — 1). We summarize this in the following theorem.
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Theorem 7.1 Suppose ug € H (), with | > 1, is the solution of (7.5), where
O is Lipschitz. Let up € Vg’ﬁl, with ¢ > 1, be the approzimate solution given
by (7.2) with B = B. Then

luo — unll (o) < P*[luoll gt (qy, (7.6)

where
= min(k,l —1) (7.7)

We note that the computation of up, in Theorem 7.1, depends on the defi-
nition of Vg’i and involves particles that are also outside 2. In the literature,
especially in the engineering literature, (¢, k*)-regular particle spaces are con-
structed using particles inside €2, but the support of some of the corresponding
particle shape functions could be partly outside 2. The apparent reason for
such construction is that the approximate solution is viewed as an interpolant
with respect to data inside €2, and hence the particles that are only inside €2 are
considered. This certainly is not necessary.

The construction of the approximation space S (in (2.7)) using particles
only inside ) sometimes may lead to better conditioning of the underlying lin-
ear system. On the other hand, such construction is more expensive and the
approximations could show boundary layer behavior ([13]).

7.2 Meshless Methods for Dirichlet Boundary Condition

In this section, we consider the approximation of the solution ug of the Dirichlet
boundary value problem (2.1) and (2.3) by meshless methods. The variational
characterization of ug is given by

Uug € Hol(Q)

B(ug,v) = / fvdz, forallve H}(Q). (78)
Q

The Galerkin method (2.7) to approximate ug would require that the approxi-
mating space S be a subspace of H = H}(Q) and thus that the approximating
functions satisfy the essential homogeneous Dirichlet boundary condition. Un-
like shape functions used in FEM, the particle shape functions ¢/ (we consider
h as the parameter), considered in Section 3.3, do not in general satisfy the so
called “Kronecker delta” property, i.e., ¢(y) # 6z 4, x,y € X". This is also
true for translation invariant particle shape functions discussed in Section 3.2
(see Section 4.2). Thus it is difficult to construct a subspace S C Vg’:lh such
that S could be used in (2.7) as the approximation space and the functions in
S satisfy the Dirichlet boundary condition.

In the literature, several meshless methods have been proposed to approx-
imate the solutions of Dirichlet boundary value problems. They are meshless
methods in the sense that they use V’;iqh as the approximating space. These
methods are:
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. The Penalty Method

. The Lagrange Multiplier Method

. The Nitsche and Related Methods

. The Collocation Method

. Combination of meshless and finite element method
. The characteristic function method

O U W N

In this section we will describe these methods. We note that GFEM, dis-
cussed in Section 6, uses an approximating space, different from Vg’i, and can
also be used to approximate the solution of a Dirichlet boundary value problem.

We will assume that the boundary 02 of Q is sufficiently smooth. The
smoothness assumption on the boundary simplifies the arguments presented
here, but various results could be obtained when the boundary is not smooth.

1. The Penalty Method.

The main idea of the penalty method is to use a perturbed variational prin-
ciple. For o > 0, we consider the bilinear form

B(u,v) = By (u,v) = B(u,v) + h=?D(u,v), (7.9)
where
B(u,v) = / (Vu - Vo + uwv) dz, (7.10)
Q
D(u,v) = /aQ uv dx. (7.11)

We note that (7.10) is the bilinear form given in (2.5). We consider the solution
Up = Ugp € Vg’i of (7.2), namely

By (g p,v) = / fodz, forallve Ve, (7.12)
o :

We note that u, j is ug, where ug is defined in (2.7). For v € H(), let

Qs (v) = B(v,v) + h~?D(v,v) — 2/ fvdx. (7.13)
Q
It is well known that
Qo (Ugp) = mikn Qs (v). (7.14)
UGVQ’Y“}L

We now present a convergence result for the penalty method.

Theorem 7.2 Suppose ug € H'(Q) N HL(Q), | > 3/2, is the solution of (7.8).
Let usp € Vg’i be the solution of (7.12). Then for any 0 < € < min(l —
3/2,1/2), we have

luo — tonll 1) < C(e)R*[luoll gt (ay, (7.15)
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where

o 1 o 1 o
53 k+ 5 - 5 _671 _____ E>7 (716)

and C(€) depends on €, but is independent of h and ug.

p=min(k, [ — 1,

Proof. For any v € H*(2), we define

0 0
Ry (v) = B(ug — v,ug — v) + hif’D(%h” + v, %h” + ). (7.17)
Then from Green’s Theorem,
R,(v) = B(ug,up)+ B(v,v) — 2B (ug,v)
o Oug Oug . QEQ
+h?D( o O )+ h77D(v,v) + 2D( o ,0)
_ op(Qto 9o
= B(UO,UQ> +h D( o’ 877,)
+B(v,v) + h~?D(v,v) — 2/ fvdx
Q
8UO 6U0

= B(ug,ug) + h"D(——, —) + Q,(v), forallve H'(Q),

dn’ on
where Q. (v) is given by (7.13). Therefore,

min R, (v) = B(ug, ug) + h"D(au0 8u0) + min Q,(v),

’UGV’&’,% 37’ 5'771 vevéﬁl
and thus from (7.14) we get,

R,(ug,p) = min R,(v).

v EV&‘L

Hence, from (7.17) and the above relation, we have

HUO - uo,h”%-]l(g) = B(UO — Ug,h, U0 — ua,h)
S Ra(ua,h)
< Ry(v), forallve Vg"?h. (7.18)

Since Vg:qh is (k 4+ 1, g)-regular with ¢ > 1, there is gy, € Vg’h such that

luo — gullzs () < Ch*[Juol| g (ay, (7.19)

where pr = min(k+1—s,l —s) and 0 < s < 1. Now from (7.17) with v = g,
and using Cauchy-Schwartz inequality we have

8’([;0

R,(gn) < C (uo - gh||§{1(9) + h”/ (6—)2 ds+h=° g; ds) . (7.20)
o In o0
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We will estimate the right hand side of the above inequality. We first note that
up = 0 on 9. Let 0 < € < min(l — %, 1). Then using a trace inequality and

2
(7.19) with s = (1/2) + ¢, we get

lgnl1Z,00) = o = gnllT,00) < ClO)luo — gnll?

H3+(Q)
< C(er** |uol Fuqy» (7.21)
where p; = min(k + % —€ 1 — % —¢). Also from a trace inequality, we have
8u0 2 2
H%HLQ(t)Q) < C(€)||U0||Hg+e(m- (7.22)
Now using (7.21), (7.22), and (7.19), with s = 1, in (7.20), we get
Ra(gh) < C(E) <h2min(k,l—1) +h7 4+ h2u1—a> ”uO”%”(Q)
< C(e)hQH”uO”?'{l(Q)v (7.23)
where p = min(k, 1 -1, §,k+ % —Z—€l— % — ¢ —¢). Finally, combining (7.18)

and (7.23) we get the desired result. O
Remark 7.1 If we consider Vg’i in Theorem 7.2 such that k+1 > 1 > 3/2,
then with o =1 — J — ¢, it is easy to see that (7.15) holds with

1 1

Mzi(l_§_€)'

The estimate (7.15) can be improved. We present the following result, based
on the analysis in [4, 5, 6, 8], without proof.

Theorem 7.3 Suppose ug € H'(Q)NHE () is the solution of (7.8). Let uq.p €
Vg’fzh be the solution of (7.12). If k+ 1> 12> 2, then, for any € > 0, we have

[uo — ta,nllmi (@) < CE)R* ™ (uol g (), (7.24)

where C(€) is independent of ug and h but depends on €, and p is given by

. c 3 k+1-—k
u—mln(o,l+02,l+22,k(ll)), (7.25)
where )
k = max(1, * 0). (7.26)

Remark 7.2 If 0 > 1 in Theorem 7.3, then l+0—2 > [+ % — %, and therefore
win (7.24) is given by

. c 3 k+1—k
4 = min <a,l—|—2—2,k(l—1)), (7.27)

where & is as in (7.26).
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Example: Consider [ =2 and o = 1 in Theorem 7.3. Then from (7.26), we
have k = 1, and (7.27) yields g = min(1,1,1) = 1. This is the optimal rate of
convergence. For higher values of [ and k4 1 > [, there is a loss in the rate of
convergence and we get sub-optimal rate of convergence, i.e., u < min(l — 1, k).

Thus from Theorem 7.3, we conclude the following:

e It is advantageous to use Vé’, 5, with higher values of k since it leads to
higher accuracy. For example, if | = 4 and o = 3, then x = 2 and (7.27)
yields p = 3(%) Thus higher values of k& will increase accuracy. But
higher values of k reduce the sparsity of the resulting linear system.

e Too small or too large value of o may decrease the accuracy significantly.
For example if o0 = 2k + 1, then kK = k 4+ 1 and 7.27) yields p = 0.

The use of penalty method was recently suggested in the literatue, e.g.,
[3], [57], [89], without any theoretical analysis. A concrete penalty value of o,
unrelated to [ or k, was suggested in [89] based on experience.

2. The Lagrange Multiplier Method

The theory of Lagrange multiplier method, in the context of finite element
method, was developed in [7] (see also [11]). This theory can also be extended
to meshless methods.

It is known (cf. [11]) that the effectiveness of this method depends on a
delicate relation between the approximating space SZ’k* (Q) and the space of
Lagrange multipliers S,t]’lk*(aﬂ), where both SZk(Q) and 5,31’“*(89) satisfy an
inverse assumption. In the context of meshless methods, we let the approxi-
mating space to be the particle space Vg’qh. We know that Vg"z is (k+1,q)-
regular, and satisfies the inverse assumption, TA, under additional hypotheses
given at the end of Section 3.3. The space of Lagrange multipliers S,’ffl’q(aQ)
has the same (t, k*)-regularity as the approximating space, and the functions
in S}’flﬂ’q (09Q) are defined only on 02 with respect to particles on 9f2. Thus,

002 must contain enough particles. We note that the functions in S}}flﬂ’q (09)

are not restrictions of functions in V};ﬂl on 0f2. Then following the analysis
in [7, 11], one can show that if the size of the supports of the basis elements
of Sﬁj’l’q(aﬁ) is of the same order as |E!|, z € AR, (E" and Al defined
in (7.3) and (7.4), respectively), then the approximate solution obtained from
the Lagrange multiplier method converges. If the size of the supports of the
basis elements of S’Zjl’q(aQ) is smaller than nl, z € A, then the method is
unstable. This relationship was further analyzed in [72] and [73].

The Lagrange multiplier technique leads to the optimal rate of convergence
in comparison to the penalty method, where the optimal rate of convergence is
usually not attained. But, as we mentioned before, the sufficient conditions for
convergence are quite delicate.

Recently, the Lagrange multiplier technique was applied in the context of
meshless methods without any theoretical analysis in [24], [57], [60], [67].
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3. The Nitsche and Related Methods

Because of the delicate nature of Lagrange multiplier method, there was an
interest to look for other methods to deal with the issue of the imposition of
Dirichlet boundary conditions and to avoid complications that are present in
Lagrange multiplier method. Towards this end, certain methods were proposed
n [20] and [79]. But much earlier, a similar method was proposed by Nitsche
in [70]. We will discuss the Nitsche method, following the presentation in [79].
We will still assume that €2 is smooth.

To approximate the solution ug of (7.8) by Nitche method, we consider the
particle space Vg% with ¢ > 2. We also assume that

e Card (AL,) <k and

Cih < hpn < Coh, z € Ajg, (7.28)

where hpn = |El, for z € Alig; El and Al are defined in (7.3) and
(7.4), respectively.

e There is 0 < K < 0o, K = K(X"), such that

0
”a%”*%’h < K[B(v,v)]"/2, for all v € VY, (7.29)
where B(u,v) was defined in (7.10) and
ov Ov
19012 4= 3 Bl o oo (7.30)
zEAR,

We define the bilinear form B(u,v) = B, (u,v), where

0 0
B (u,v) = B(u,v) — D(a—z,v) — D(a—z,u) +7 Z hE£71 /E’ uv ds,
€AY £

with v > 0; B(u,v), D(u,v) are as defined in (7.10), (7.11), respectively. The
approximate solution up , € Vé’i, obtained from the Nitche method, is given
by

B (up,,v) = /fou dz, forallve Vgi. (7.31)
For u € H?(Q2), we define the norm
ou
2 2 2
Iull? = Bl + 1 2402, + .

where

el = D ke Hluloen),

z€Al,
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and || 242 . , is given by (7.30) with v replaced by u. We first note that from

Schwartz mequality, we have

1/2 1/2
Z hEh/Ehuvds < Z (E"}hEh ds> (/Eh Eﬁ ds)

zeAh, zeAl,
< 02 hllulom) T D2 hgnllolfoen] '
ze Al zeAl,
= Nlullz nllvllz p- (7.32)

Also,

ov —1/2 1/251}
Dlu,50) < Z/ s a2 s

zeAl,
< Y hEh ||u||H0(Eh)hEh|\ |\H0Eh)
mGAgQ
< ”uH—h” ||7lh (7.33)

Using the same arguments used to obtain (7.33), we get

ou ou
DS w) < 1981y ol (734)
Now using (7.32)—(7.34), it is can be easily shown that
By (u,0) < (L) [ulll [[v]]]- (7.35)

We now show that for a proper value of «, the bilinear form B.(u,v) is
coercive.

Lemma 7.1 Suppose K? < v, where K satisfies (7.29). Then,
B, (v,v) > Ci|||v][|?, for allve VQ T (7.36)
where C* = C*(X") > 0.

Proof. Let v € Vg 1 and let € > 0 arbitrary. From the definition of B, (u,v)
and (7.33) with u = v, we have,

ov
B(v,0) = B(v,v)~2D(v, 5o) +lvl,,
ov
> B(va)_2”“”%,};”%”7%,11+'7||U||2%7h
1, 0v
_ 2 1,0V 9 2
> Bo,v) —elloll}, ~ LI oeIy ol
1, 0v
= B(,v) - —l5- H21h+( —alvli,
K2 9
2 (1=—)Bo)+ (=9l ,
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Therefore, considering € = %(/@ + v) in the above inequality, we get

By (v,v) = C1[B(v,v) + [[v]3 ], (7.37)
where Cy = mln(ng’“f*T’Cz). Now, from the definition of ||| - ||| and using
(7.29), we get

2 2 2

el < B(v,0) + K2B(v,v) + [vlly
<

(L+ K3 [B(v,0) + vl )

Thus combining the above inequality with (7.37) we get

By (v,v) = C*||v]l[,

where C* = 1+IC2 mln(,y+§2, 'Y_QKZ ), which is (7.36). O

We now present the following result:

Theorem 7.4 Suppose ug € H'(Q), | > 2 is the solution of (7.8). Let up~ €

VQ’%L, with g > 2, be the solution of (7.31), where Vg 1 satisfies (7.28), (7.29).
Then

Cl+7),,

l[uo — tn |l (@) <
where C*(X") is as in (7.36).
Proof. Tt is easy to see that

B,Y(uo,v):/fvdx, for all v € H' (),
Q

and therefore,
By (ug — tpq,v) =0, forallve VEe. (7.39)

Now for any g, € ngﬂ using (7.36), (7.39), and (7.35) we have

|th*uh7’v|||2 < C B ( ﬁh,'yagh*uh,’y)
< C’*B (gn — w0, g — Un)
(1+9)
< w Ilwo = gnlll llgn — wn A1,
and hence
(1+9)

llgn = wnAlll < o = gnlll-

O*
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Therefore,

N

[luo —unylll < luo = gnlll + llgn — unslll
Cllluo — gnlll, for all g € V4. (7.40)

IN

Now using (7.28) and a trace inequality, we have

> ignlluo = gnliio ey,

l[uo — gh“éﬁ

zeAG,
< Ch™Muo = gnllFro(oa)
4 (1
< O (o = anlBoge + bllo — anlFs o

= O (h w0 — gllfocey + lluo = gnlfrey) »  (741)
where C' depends on k. Also using a similar argument, we have

O(ug — gn)
| ZE 212 < (2o = gnlraqey + o = gnlfney) - (7:42)

where C' depends on . Thus from (7.41) and (7.42) we get,

O(uo — gn)
lluo — gl = lluo — gnllin oy + ”T”%%,h +luo = gnll3
2
< Ch™? Z h? |lug — gh”?—l]‘(ﬂ)v
j=0
and hence from the definition of ||| - ||| and (7.40), we have
luo — @yl < llluo = dnn |l
2
< Ch™ ) hlug — gnllmice), forall g € V&4,

=0

(7.43)
Finally, we choose g € Vg’fﬂl such that
uo — gllms@) < Ch* ~lluol| iy, 0<s<2,

where p1 = min(k + 1,1). Using this in (7.43) we get the desired result.00

We now discuss the situations where the assumption required to prove The-
orem 7.4 are satisfied. The major problem is to estimate K(X") given in (7.29).
We would like to have (X") < C, uniformly for all 0 < h < 1. If the supports
nt of the particle function ¢” are “reasonable”, e.g., circles in R? or spheres in
R? or similar, then it is easy to see that the necessary condition for K(X") < C
is that, hgn > a|nl| for z € Al,. This can be enforced by properly selecting the
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set of particles X". This aspect can also affect the design of adaptive meshless
(Nitsche) method. Since the estimates of these constants difficult to estimate
accurately, we may select larger value of v in (7.31) so that the Theorem 7.4 is
valid.

The Nitsche method presented here is superior to both the penalty method
and Lagrange multiplier method. Nitsche method, in the framework of meshless
methods, was addressed in [15] and implemented in [76] and [46].

4. The Collocation Method

Collocation method, in the framework of meshless methods, was recently
proposed in [3, 89, 47]. The method consists of adding constraint equation,
at certain points of the boundary 052, to the stiffness matrix. No analysis was
presented to address the convergence of the approximate solution obtained from
this method.

5. Combination of Meshless Methods and the Finite Element
Method

This method was proposed, e.g., in [51]. The main idea in this approach
is to use classical finite elements (which could also be interpreted as particle
functions) in a neighborhood of the boundary 9, and to select other particle
functions such that their supports do not intersect 92.

6. Characteristic Function Method

The method was proposed in connection to Ritz method when the approx-
imating functions were global polynomials (see [63],[50]). If a domain 2 has a
smooth boundary 0f, there exists a smooth function ¢ such that

> 0, x€q,
= 0, x€099,
and |[VO(z)|>a > 0, ze€df.

Let S = {u:u=®v, v e Vg’i . Then it is obvious that SF C H} ().
We approximate the solution ug of (2.1) and (2.3) by uy, € Sy, where uy, is the
solution ug of (2.7) with S = Sp.

For ug € H'(Q) N H(Y), | > 2, we define wy = %. Then using Hardy’s
inequality (Thm. 329 of [49]), one can show that wy € H'1(Q). Using this
result, we obtain the following theorem.

Theorem 7.5 Suppose ug € H(Q) N HE(Q), and suppose | > 2. Then there
exists wy, € V’;ﬂb such that g, = ®wy, satisfies

luo = gnllar ) < Ch*|luoll iy, # = min(k,l —2). (7.44)
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Proof. Recall that Vg’% is (k 4+ 1, q)-regular with ¢ > 1. Then there exists
wy, € Vskih such that

lwo — wal 1) < CR* [woll mri-1(q) < Ch*||uollr(q), (7.45)
where p = min(k,! — 2). Now from the definition of wy, we have
ug — Pwyp, = ug — Pwo + P(wo — wy,) = P(wo — wp),
and hence, using (7.45), we have
l[uo = @wall 1 () < Cllwo = wallm @) < CH*|uollmi o), 1 =min(k,l-2),
which is the desired result. U

Remark 7.3 It is clear from (2.8) and (7.44) that for I > 2,
[uo = unll () < Ch¥|luollgi(), 1= min(k,l - 2).

We further note that this order of convergence, or (7.44) in the last theorem,
cannot, in general, be improved.

7. The Generalized Finite Element Method

We note that all the methods described so far primarily use Vg 5, as the
approximating space. The GFEM, on the other hand, uses differentyapproxi—
mating spaces, as we have seen in Section 6. The use of these approximating
spaces makes GFEM extremely flexible.

We recall that in GFEM, we start with a partition of unity with respect
to a simple mesh that need not conform to the boundary of the domain. This
partition unity could be the particle shape functions defined in Section 3. Then
“handbook” functions are used as local approximating spaces. The Dirichlet
boundary condition can be implemented by choosing the local approximation
space V, for z € A, such that the functions in V satisfy the Dirichlet bound-
ary conditions.

We presented a few approaches on how to use meshless approximation to
approximate solutions of PDE’s. To impose Dirichlet boundary conditions on
meshless approximation is a challenge, and we looked into some methods that
can overcome this difficulty. While discussing these methods, we assumed that
the boundary of the domain is smooth for simplicity. But the results presented
here can be generalized to include non-smooth boundary, especially, piecewise
smooth boundary.

Some of methods were implemented and reported in the literature, but they
lacked rigorous theoretical analysis. All the methods reported here have certain
advantages as well as disadvantages. If the particle space Vg% is used as an
approximating space, in our opinion, the Nitsche method is very promising
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because it is robust relative to other methods and is easy to implement. But
we note that Vl;z’,h is difficult to construct for higher values of k, and the use

of Vg’% with lower values of k reduces the accuracy of the method. On the

other hand, GFEM uses a partition of unity (e.g., Vgﬁl with k& = 0), which is
easy to construct, and higher accuracy can be attained by using suitable local
approximation spaces.

8 Implementational Aspects of the Meshless Method

In this section, we will briefly discuss the implementational aspects of meshless
methods and the GFEM. Similar to the finite element method, the implemen-
tation of meshless methods and the GFEM has four major parts:

1. Construction of particle shape functions.
2. Construction of the stiffness matrix.
3. Solution of the linear system of equations.

4. A-posteriori error estimation, adaptivity, and computation of data of in-
terest.

We now discuss these items in turn.

1. Construction of particle shape functions

In the classical finite element method, one starts with a mesh that is related
to the domain, and then shape functions are defined with respect to the cho-
sen mesh. In a meshless method, one starts with particles {z}. Corresponding
to each particle z, a particle shape function with compact support 7, is con-
structed, such that 7),’s form an open cover of the domain €. The construction
of shape functions that are reproducing of order £k = 0 or 1 is not difficult.
For k = 0, one may use Shepard’s approach ([77]) as described in Section 4.1.
For k = 1 and for an appropriate particle distribution, one may first construct
a mesh using tetrahedrons such that the particles are the nodes of the mesh
(i.e., the vertices of the tetrahedrons). This procedure is not difficult as there
are efficient codes available for constructing such a mesh. The shape function
corresponding to the particle z can be taken to be the standard hat functions,
whose support is the union of all the simplices with x as one of its vertices. We
note however that, for kK = 1, smoother shape functions can also be constructed
(see [48]). For k =0, 1, one has to check that card(S;) < &, k is independent
of z, where S, = {y : n, Nny # 0}. For the Nitsche Method, described in
Section 7.2, one also has to check that K, defined in (7.29), is bounded. The
construction of particle shape functions for £ > 2 is more expensive than for
k = 0,1, and it may be more difficult to check assumptions A1-A7 and (3.64),
which ensure convergence.
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In contrast, the GFEM uses only a partition of unity, and thus particle
shape functions with £ = 0,1, described in the last paragraph, can be used for
this purpose. Also, a simple regular distribution of particles could be used to
construct the partition of unity. The space of local shape functions, V;, could
be created analytically or through “handbook” solutions. Dirichlet boundary
condition is also treated by an appropriate selection of V,, and hence one does
not have to use special methods, e.g., the penalty method, Nitsche method, etc.,
which simplifies the implementation.

2. Construction of the stiffness matrix

The construction of the stiffness matrix for a meshless method is laborious
and delicate. In fact, this is where one pays the price for avoiding mesh gener-
ation. The elements of the resulting stiffness matrix are integrals, which have
to be numerically evaluated over various regions. These regions are not simple
tetrahedrons as in the finite element method, where they naturally come from
a mesh. These regions, for a meshless method, are of the form 7, Nn, N,
z,y € XY, and can be extremely complicated. Also the integrals have to be
evaluated accurately as it is known that inaccurate numerical integration leads
to very poor results (see, for example, [28]). A special numerical integration
scheme is given in [30], where n,’s are spheres and the region of integration
are the intersection of two spheres. The problem of effective integration has
also been addressed in [33, 43, 76, 82, 83]. The numerical integration poses
additional problems in GFEM when singular functions are included in the local
approximating space V,. Standard integration schemes in this situation yield
poor accuracy. This problem in GFEM was handled in [82] by using adaptive
numerical integration. Because of this sensitivity to numerical integration, the
use of adaptive integration is preferred, in general, in GFEM.

Thus we see that an accurate and effective numerical integration scheme to
approximate the elements of the stiffness matrix is essential for the success of
meshless methods. We will further remark on this issue in the next item of this
section. We note that numerical integration and construction of stiffness matrix
in these methods are parallelizable.

3. Solution of the linear system

The exact stiffness matrix (without numerical integration) obtained from a
meshless method could be positive definite with a large condition number. This
is caused by using shape functions with large overlap between their supports,
which makes the shape functions “almost” linearly dependent. Moreover, the
exact stiffness matrix obtained from GFEM could be positive semi-definite, as
shown in [82]. But the underlying linear system obtained from the GFEM is
always consistent, i.e., the linear system has non unique solutions. The lack of
unique solvability of the linear system does not imply that the GFEM produces
non-unique solutions. In fact, if the vector {cz ;}1<j<n,, with dim V; = ng, is
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a solution of this linear system, then the solution,

Ny
=) brcei Vi

z j=1

obtained from the GFEM, where v is a basis of V,, is unique.

We already have mentioned the importance of numerical integration in eval-
uating the elements of the stiffness matrix obtained from a meshless method.
We further note that the elements of the load vector is also evaluated by numer-
ical integration. To obtain a consistent linear system (after the use of numerical
integration), the numerical integration scheme applied to compute an element of
the load vector should be same as the scheme used to compute the corresponding
row of the stiffness matrix.

To find the solution of the linear system obtained from a meshless method
(or from the GFEM), one can use a special direct solver based on elimination or
an iterative solver. In [82], direct solvers, e.g., subroutines MA27 and MA47 of
Harwell Subroutine Library, was used to solve the sparse positive semi-definite
linear system obtained from GFEM. The use of these solvers was successful even
when the nullity of the stiffness matrix was large. It was also shown in [82] that
round-off errors did not play a significant role in solving the linear system, i.e.,
the round-off error was almost same as when the standard finite element linear
system is solved by the elimination method.

An iterative algorithm for solving such linear systems was given in [82].
The idea of this algorithm is to perturb the stiffness matrix by a unit matrix
multiplied by a small parameter. The perturbed matrix, say P, is positive
definite and any solver could be used to solve Px = b. Using this fact and a few
iterations of a simple iterative technique, a solution of the original linear system
could be obtained. We refer to [82] for a complete description effectiveness of
this iterative algorithm.

We have noted before that the linear system obtained from the meshless
method is consistent even if the stiffness matrix is positive semi-definite. In
this situation, a solver based on conjugate gradient method can also be used.
The convergence in this situation is similar to the convergence of conjugate
gradient method when applied to solve the linear system obtained from the
standard finite element method. The multigrid method is not directly applicable
to the linear system when the stiffness matrix is positive semi-definite, since the
eigenfunctions corresponding to the zero eigenvalue of the stiffness matrix is
global and oscillatory. The same is also true when the the stiffness matrix is
“almost” singular. However, a special version of multigrid method was proposed
in [76] and [44], when the underlying partition of unity was reproducing of order
k=0.

4. A-posteriori error estimation, adaptivity, and computation of
data of interest

The rigorous theory of a-posteriori error estimation was developed in [17] and
other estimates, based on various averaging, were also used. These estimators
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can be used as error indicators for adaptivity purposes. For adaptive approaches
in meshless method, we refer the reader to [76] and [23].

We finally mention that programming the meshless method is an important
issue and it requires specific concepts. For this aspect of the meshless method,
we refer to [32, 45, 82] and [83].

9 Examples

Meshless methods have been applied to linear and non linear elliptic problems,
as well as to problems related to other differential equations; we refer to [56].
However, it is essential to characterize the types of problems where this method
is, or could be, superior to standard methods ([21]).

In this paper, we address only the application of the meshless method on
a class of linear, elliptic problems. As stated in the introduction, one of the
main advantages of meshless methods is that it avoids mesh generation. This
is essential when the domain in complex. Another advantage of this method is
that it allows the use of various “special” local shape functions to improve the
accuracy.

The Generalized Finite Element Method (GFEM) was elaborately discussed
in [83] and it was shown that the method is effective. Three types of meshes
with successive refinements were used in that paper and we present one of these
meshes in Figure 9.1. This is a simple finite element mesh and it does not reflect
the geometry of the underlying domain. Then, using the linear finite elements
as partition of unity and special functions for local approximation, an improve-
ment in the rate of convergence was achieved. Detailed numerical data, with
comments on various aspects of the method, e.g., numerical integration, etc.
were presented in [83]. 'We note however, that though the domain considered
in this example (i.e., the domain in Figure 9.1) was simple, and classical fi-
nite element method with mesh refinement or an adaptive procedure could have
been used, the analysis and data presented in [83] clearly shows the scope and
potential of GFEM.
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Figure 9.1: A mesh used in [83] for the constructing of partition of unity
in the context of GFEM to solve a problem posed on the domain.

105



As mentioned above, the power of GFEM lies in handling problems where
the underlying domain has complex geometry. Three types complex domains,
shown in Figure 9.2, were analyzed by the GFEM in [83]. Another complex
domain with fibers, analyzed in the same paper, is shown in Figure 9.3 where
the fiber distribution was taken from [10]. To construct finite element meshes
for these domains is very complex and nearly impossible. “Handbook” problems
that characterize the local behavior of the approximated solution (e.g., in the
neighborhood of a crack, fibers, etc.) were used to construct special shape
functions for these problems.

Figure 9.2: The three types of domains analyzed by GFEM in [83].

The GFEM has an advantage in dealing problems with singularities (in the
neighborhood of geometric edges) in 3D. When the basic finite element tetra-
hedral mesh is used in such problems, it is well known that classical edge re-
finement is cumbersome. This problem was handled using GFEM in [36], where
a refinement by special functions, at positions indicated by an error indica-
tor, was performed. GFEM was also used to handle difficulties stemming from
orthotropic problems in [35].
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Figure 9.3: The problem of fiber composite type analyzed in [83].

There are other types of problems where the GFEM is quite effective. They
include multisite problems, where many crack configuration are present, and
crack propagation problems, where the geometry of the domain changes. The
GFEM could be used in such problems by considering local approximating
spaces consisting of functions that are discontinuous over the cracks and in-
cluding a singular function with respect to the tip of the crack into the local
approximating space. Then the propagation of the crack is computed (using
stress intensity factors); the old singular function in the approximating space
is replaced by a new singular function, new discontinuous functions are added
in the same space, and the process of computing the propagation of crack and
changing the local approximation spaces is repeated. In this process, the ma-
trix of the underlying linear system at a particular step can be obtained by
augmenting the matrix corresponding to the previous step with new rows and
columns, and it is possible to solve the new linear system using Schur comple-
ment, which uses the previously computed data. This general idea was used in
[56, 64] without using the previously computed data.

The GFEM is an important tool in approximating solutions of elliptic prob-
lems with rough coefficients as well as homogenization problems. We mention
that the usual finite element method may give extremely poor result when ap-
plied to elliptic problems with rough coefficients, as shown in [18]. Tt was shown
in [16], using a detailed analysis, that GFEM leads to the same rate of conver-
gence for problems with rough coeflicients as when the coefficients are smooth.

We emphasize that in this paper, we considered only a small (but important)
family of problems. We showed that the use of meshless methods, particularly
the use of GFEM, on these problems is advantageous in comparison to the
standard finite element method. Of course, there are other types of problems,
especially non-linear problems, which we have not addressed in this paper.

Note: The authors will like to thank Elsevier Science for allowing the use
of Figures 9.1, 9.2, and 9.3 in this paper. They were published in the journal
Computer Methods in Applied Mechanics and Engineering.

10 Some Comments and Future Challenges

In the previous sections we addressed linear elliptic equations. The approxi-
mation theory we developed is obviously usable in practically all variationally
formulated problem, provided the inf-sup condition (the BB condition) is sat-
isfied. Meshless methods and the GFEM can be directly used for higher order
equations because there are no difficulties in constructing shape functions of any
regularity. Adaptive procedures, shock capturing, etc., can be combined with
adaptive construction of shape functions. A deep theoretical understanding of
these issues is still in the future.

For non-coercive problems, the question of the inf-sup condition is more
delicate and plays an important role. Some non-coercive problems have been
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successfully treated. We mention, for example, equations whose solutions are
oscillatory, as with the Helmholtz equation. Special shape functions were used to
capture the oscillatory character of the solution; see, e.g. [52], [62]. Although
there are some problems with round-off error, it can be expected that these
difficulties can be overcome.

Meshless Methods can be applied to nonlinear as well as linear problems.
The Handbook approach for constructing shape functions is important for both
types of problems.

The Finite Element Method is presently used for solving a wide variety of
problems. Meshless methods, especially the GFEM, offer many new opportu-
nities. Since the FEM is a special case of the GFEM, the study of the GFEM
provides the potential to develop enhanced and improved methods. Under the
umbrella of GFEM, there is actually a family of particular methods—depending
on the approximating functions employed. The goal in creating new particular
GFEM is to obtain methods that are especially effective on certain classes of
problems. To address this issue meaningfully and effectively, further mathemat-
ical study of meshless methods is essential.
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